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ABSTRACT
Incorporating knowledge graph (KG) into recommender system
is promising in improving the recommendation accuracy and ex-
plainability. However, existing methods largely assume that a KG is
complete and simply transfer the "knowledge" in KG at the shallow
level of entity raw data or embeddings. This may lead to suboptimal
performance, since a practical KG can hardly be complete, and it is
common that a KG has missing facts, relations, and entities. Thus,
we argue that it is crucial to consider the incomplete nature of KG
when incorporating it into recommender system.
In this paper, we jointly learn the model of recommendation
and knowledge graph completion. Distinct from previous KG-based
recommendation methods, we transfer the relation information
in KG, so as to understand the reasons that a user likes an item.
As an example, if a user has watched several movies directed by
(relation) the same person (entity), we can infer that the director
relation plays a critical role when the user makes the decision, thus
help to understand the user’s preference at a finer granularity.
Technically, we contribute a new translation-based recommen-
dation model, which specially accounts for various preferences in
translating a user to an item, and then jointly train it with a KG
completion model by combining several transfer schemes. Exten-
sive experiments on two benchmark datasets show that our method
outperforms state-of-the-art KG-based recommendation methods.
Further analysis verifies the positive effect of joint training on both
tasks of recommendation and KG completion, and the advantage
of our model in understanding user preference. We publish our
project at https://github.com/TaoMiner/joint-kg-recommender.
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1 INTRODUCTION
Knowledge Graph (KG) is a heterogeneous structure that stores the
world’s knowledge in the form of machine-readable graphs, where
nodes denote entities, and edges denote the relations between en-
tities. Since proposed, KG has attracted much attention in many
fields, ranging from recommendation [40], dialogue system [18, 21],
to information extraction [3]. Focusing on recommendation, the
structural knowledge has shown great potential in providing rich in-
formation about the items, offers a promising solution to improving
the accuracy and explainability of recommender systems.
Nevertheless, existing KGs (e.g., DBPedia [20]) are far from com-
plete, which limits the benefits of the transferred knowledge. As
illustrated in Figure 1, the red dashed line between Robert Zemeckis
and Death Becomes Her indicates a missing relation isDirectorOf.
Assuming that the user has chosen movies Back to The Future I & II
and Forrest Gump, by using the KG, we can attribute the reason of
user’s choices to the director Robert Zemeckis. In this case, although
we have accurately captured the user’s preference on movies, we
may still fail to recommend Death Becomes Her (which is also of
interest to the user), due to the missing relation in the KG (cf. the
red dashed line). As such, we believe that it is critical to consider
the incomplete nature of KG when using it for recommendation,
and more interestingly, can the completion of KG benefit from the
improved modeling of user-item interactions?
In this paper, we propose to unify the two tasks of recommenda-
tion and KG completion in a joint model for mutually enhancements.
The basic idea is twofold: 1) utilizing the facts in KG as auxiliary
data to augment the modeling of user-item interaction, and 2) com-
pleting the missing facts in KG based on the enhanced user-item
modeling. For example, we are able to understand the user’s prefer-
ence on director via the related entities and relations; meanwhile
we can predict that Robert Zemeckis is the director of Death Be-
comes Her, if there exist some users who like the movie also have a
preference of other movies directed by Robert Zemeckis.
Although many prior efforts have leveraged KG in recommender
systems [16, 29, 30, 44, 46, 48], there are few works that jointly
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Figure 1: An illustrative example on the necessity of consid-
ering the missing relations in KG for recommendation.
model the two tasks of knowledge graph learning and recommen-
dation. CoFM [31] is the most similar work that aligns the two latent
vector spaces in each task together by regularizing or sharing entity
and item embeddings if they refer to the same thing. However, it
ignores the important role of entity relations in user-item modeling,
and fails to offer interpretation ability.
In this work, we propose a Translation-based User Preference
model (TUP) to integrate with KG learning seamlessly. The key
idea is that there exists multiple (implicit) relations between users
and items, which reveal the preferences (i.e., reasons) of users on
consuming items. An example of the “preference” is the director
information in Figure 1 that drives the user to watch the movies
Back to Future I & II and Forest Gump. While we can pre-define the
number of preferences and train TUP from user-item interaction
data, the preferences are expressed as latent vectors that are opaque
to deeper understanding. To endow the preferences with explicit
semantics, we align them with the relations in KG, capturing the
intuition that the type of item attributes plays a crucial role in user
decision-making process. Technically speaking, we transfer the
relation embeddings as well as entity embeddings learned from
KG to TUP, simultaneously training the KG completion and rec-
ommendation tasks. We term the method as Knowledge-enhanced
TUP (KTUP) that jointly learns the representations of users, items,
entities, and relations. The main contributions are summarized:
• We propose a new translation-based model, which exploits
the implicit preference representations to capture the rela-
tions between users and items.
• We emphasize the importance of jointly modeling item rec-
ommendation and KG completion to couple the preference
representations with the knowledge-aware relations, thus
empowering the model with explainability.
• We perform extensive experiments on two datasets for top-
N recommendation and KG completion tasks, which verify
the rationality of joint learning. Experimental results demon-
strate the effectiveness and explainability of our model.
2 RELATEDWORK
Our proposed methods involve two tasks: item recommendation
and KG completion. In this section, we first introduce related work
for each task, before discussing their relations.
2.1 Item Recommendation
In the early stage of item recommendation, researchers focus on
recommending similar users or items to a target user using his-
tory interactions alone, such as collaborative filtering (CF) [35],
factorization machines [33], matrix factorization techniques [19],
BPRMF [34]. The key challenge here lies in extracting features of
users and items to compute their similarity, namely similarity-
based methods.
With the surge of neural network (NN) models, a host of meth-
ods extend similarity-based methods with NN and present a
more effective mechanism in automatically extracting latent fea-
tures of users and items for recommendation [7, 12–14]. However,
they still suffer from the data sparsity issue and cold-start prob-
lem. Content-based methods deal with the issues by introducing
various side information, such as the contextual reviews [9, 25], re-
lational data [10, 36] and knowledge graphs [6]. Another advantage
of additional contents is the improved explainable ability to under-
stand why an item is being recommended out of others. This has
been found to be important for the effectiveness, efficiency, persua-
siveness, and user satisfaction of recommender systems [8, 39, 47].
Among the side information, knowledge graphs (e.g., DBPe-
dia [20]) show great potentials on recommendations due to its well-
defined structures and adequant resources. This type of methods
mostly transfer structural knowledge of entities from KG to user-
item interaction modeling based on the given mapping between
entities and items. We roughly classify them into two groups: the
methods augmenting the data of user-item pairs with KG triplets,
and the methods combining item and entity embeddings learned
from different sources. In the first group, Piao and Breslin [29] ex-
tracted lightweight features drived from KG (i.e. property-object,
subject-property) for factorization machines. Zhang et al. [46] con-
structed a unified graph by adding a buy relation between users
and items, then applied transE [2] to model relational data. On
the other hand, the methods in the second group usually improve
the quality of item embeddings using entity embeddings if they
refer to the same thing [16, 44]. Piao and Breslin [30] summerized
the recommendation results using different entity embeddings (i.e.
node2vec, doc2vec and transE), and found that node2vec improves
the most. CoFM [31] first takes into account the refinements of
entity embeddings from user-item modeling as another transfering
task. However, the above methods heavily rely on the alignments
between items and entities. Zhou et al. [48] introduced entity con-
cepts in KG to deal with the sparisity issue of the alignments, but
still fail to consider the importance of entity relations in transfering
knowledge from KG.
Another line of work is translation-based recommendation,
inspired by KG representation learning. It assumes that the selection
of items satisfies translational relations in the latent vector space,
where the relations are either regarded as related to users in sequen-
tial recommendation [11], or modeled implicitly via Memory-based
Attention [37]. We thus improve this type of method by considering
the N-to-N issue1 in modeling user preferences as translational re-
lations, which shall be further enhanced by transfering knowledge
of entities and their relations from KG.
1N-to-N issue here means that one user may like multiple items, and also, several users
may like a single item, which will be detailed in Section 4.2.
2.2 KG Completion
External knowledge has been found to be effective in many tasks of
natural language processing, such as the question answering [45],
which accelerates the popularity of KGs. Although there are a
host of methods for finding entities [4, 5] and their relations from
texts [22], existing KGs are far from complete. Recent studies for KG
completion show a great enthusiasm for learning low-dimensional
representions of entities and relations while perserving structural
knowledge of the graph. We roughly categorize such representation
learning methods into two groups: translational distance models
and semantic matching models.
TransE [2] first proposed the core idea of translational distance
models that the relationship between two entities corresponds to a
translation in their vector space. Although it is simple and effective,
it is sometimes confusing because some relations can translate one
entity to various entities, namely the 1-to-N problem. Similarly,
there are other N-to-1 and N-to-N problems. To address these prob-
lems, a host of methods extended TransE by introducing additional
hyperplanes [42], vector spaces [23], textual information [41] and
relational path [22].
The second group measures the plausibility of facts by matching
semantic representations of entities and relations through similarity-
based scoring functions. RESCAL [27] represents each relation as
a matrix to capture the compositional semantics between entities,
and utilizes a bilinear function as similarity metrics. To simplify
the learning of relation matrices, DistMult [43] restricts them to
be diagonal, HolE [26] defines a circular correlation [32] to com-
press relation matrices as vectors, and ComplEx [38] introduces
complex-value for asymmetric relations. Instead of modeling the
compositional relation, another line of methods directly introduce
NNs for matching. SME [1] learns relation specific layers for head
entity and tail entity, respectively, and then feeds them into the final
matching layer (e.g., dot production), while NAM [24] conducts the
semantic matching with a deep architecture.
2.3 Relationship between Two Tasks
Items usually correspond to entities in many fields, such as books,
movies and musics, making it possible to transfer knowledge be-
tween fields. These information involving in two tasks are com-
plementary, revealing the connectivity among items or between
users and items. In terms of models, the two tasks both aim to
rank candidates given a query (i.e., an entity or a user) as well as
their implict or explict relatedness. For example, KG completion
aims to find correct movies (e.g., Death Becomes Her) for the person
Robert Zemeckis given the explicit relation isDirectorOf, while item
recommendation aims at recommending movies for a target user
satisfying some implicit preference. Therefore, we are able to fill in
the gap between item recommendation and KG completion via a
joint model, to systematically investigate how the two tasks impact
each other.
3 PRELIMINARY
Before introducing our proposed methods, let’s first formally define
the two tasks as well as TransH [42] as the component for KG
completion in our model.
3.1 Tasks and Notations
Item Recommendation : Given a list of user-item interactions
Y = {(u, i)}, we use implicit feedback as the protocol so that each
pair (u, i) implies the user u ∈ U consumes the item i ∈ I. The
goal is to recommend top-N items for a target user.
KG Completion : A Knowledge Graph KG is a directed graph
composed of subject-property-object triple facts. Each triplet denotes
that there is a relationship r from head entity eh to tail entity et , for-
mally defined by (eh , et , r ), where eh , et ∈ E are entities and r ∈ R
are relations. Due to the incompleteness nature of KGs, KG comple-
tion is to predict the missing entity eh or et for a triplet (eh , et , r ),
which can also be regarded as recommending top-N entities for a
target (et , r ) or (eh , r ).
TUP denotes the model for item recommendation. It takes a list of
user-item pairs Y as input, and outputs a relevance score д(u, i;p)
indicating the likelihood that u likes i , given the preference p ∈ P,
where the number of the preference set P is predefined. For each
user-item pair, we induce a preference, serving as a similar role
with the relation for two entities. To deal with the N-to-N issue,
we introduce preference hyperplanes, and assign each preference
with two vectors: wp for the projection to a hyperplane, p for the
translation between users and items.
KTUP is a multi-task architecture. GivenKG,Y, and a set of item-
entity alignmentsA = {(i, e)|i ∈ I, e ∈ E}, where each (i, e)means
that i can be mapped to an entity e in the given KG. KTUP is able to
output not only д(u, i;p), but also a score f (eh , et , r ) indicating how
possible the fact is true, based on the jointly learned embeddings
of users u, items i, preferences p,wp , entities e and relations r,wr .
Example 3.1. As shown in Figure 1, given a user, the interacted
movies (e.g., Back to The Future I & II and Forrest Gump), and the
related triplets, KTUP is able to (1) figure out the user preference
of the isDirectorOf relation on movies, (2) recommend the movie
Death Becomes Her based on the induced preference, and (3) pre-
dict the missing head or tail entity for the triplet (Death Becomes
Her-isDirectorOf -Robert Zemeckis). The above three goals shall be
achieved by considering not only the structural knowledge in KG
but also the user-item interactions.
Next, we will briefly describe transH as the module of KG com-
pletion in our joint model.
3.2 TransH for KG Completion
Learning distributional representations of KG provides an effective
and efficient way of manipulating entities while perserving their
structural knowledge. TransE [2] is a widely used method due to
its simplicity and remarkable effectiveness. Its basic idea is to learn
embeddings for entities and relations, satisfying eh + r ≈ et if
there is a triplet (eh , et , r ) in KG. However, a single relation type
may correspond to multiple head entities or tail entities, leading to
serious 1-to-N, N-to-1 and N-to-N issues [42].
Therefore, TransH [42] learns different representations for an en-
tity conditioned on different relations. It assumes that each relation
owns a hyperplane, and the translation between head entity and
tail entity is valid only if they are projected to the same hyperplane.
It defines an energy score function for a triplet as follows:
f (eh , et , r ) =∥ e⊥h + r − e⊥t ∥ (1)
where a lower score of f (eh , et , r ) indicates that the triplet is poss-
bily true, otherwise no. e⊥h and e
⊥
t are projected entity vectors:
e⊥h = eh −wTr ehwr (2)
e⊥t = et −wTr etwr (3)
where wr and r are two learned vectors of relation r , wr denotes
the projection vector of the corresponding hyperplane, and r is
the translation vector. ∥ · ∥ denotes the L1-norm distance function
used in the presented paper.
Finally, the training of TransH encourages the discrimination be-
tween valid triplets and incorrect ones using margin-based ranking
loss:
Lk =
∑
(eh,et ,r )∈KG
∑
(e ′h,e ′t ,r ′)∈KG−
[f (eh , et , r ) + γ − f (e ′h , e ′t , r ′)]+
(4)
where [·]+ ≜ max(0, ·),KG− contains incorrect triplets constructed
by replacing head entity or tail entity in a valid triplet randomly,
and γ controls the margin between positive and negative triplets.
4 TUP FOR ITEM RECOMMENDATION
Inspired by the above translation assumption between two entities
in KG, we propose TUP to explictly models user preferences and
regards them as translational relationships between users and items.
Given a set of user-item interactions Y, it automatically induces
a preference for a user-items pair, and learns the embeddings of
preference p, user u and item i, satisfying u + p ≈ i.
Considering the implicity and variety of user preferences, we
design two main components in TUP: Preference Induction and
Hyperplane-based Translation.
4.1 Preference Induction
Given a user-item pair (u, i), this component is to induce a pref-
erence from a set of latent factors P. These factors are shared by
all users, and each p ∈ P denotes a different preference, which
aims at capturing the commonality among users as global features
complementary to user embeddings that focus on a single user
locally. Similar with topic models, the number P = |P | is a hy-
perparameter, and we cannot nominate the exact meaning of each
preference. With the help of KG, the number of preferences can be
automatically set and each preference is assigned with explanations
(Section 5).
We design two strategies for preference induction: a hard ap-
proach that selects one out of the P preferences, and a soft way that
combines all preferences with attentions.
4.1.1 Hard Strategy. The intuition behind our hard strategy is that
only a single preference takes effect when a user makes a decision
over items. We use Straight-Through (ST) Gumbel SoftMax [17] for
discretely sampling the preference given a user-item pair, which
utilizes reparameterization trick for backpropagation, making it
possible to calculate the continuous gradients of model parameters
during the end-to-end training.
STGumbel SoftMax approximately samples one-hot vectors from
a multi-classification distribution. Assuming that the probability of
belonging to class p in a P-way classification distribution is defined
as log softmax:
ϕ(p) = exp(log(πp ))∑P
j=1 exp(log(πj ))
(5)
where πp is the unnormalized output of a score function. Then,
we sample a one-hot vector z = [z1, · · · , zP ] ∈ RP from the above
distribution as follows:
zp =
{
1, p = argmaxj (log(πj ) + дj )
0, otherwise (6)
where д = − log(− log(u)) is the Gumbel noise and u is generated
by a certain noise distribution (e.g., u ∼ N(0, 1)). The noise term
increases the stochastic of argmax function and makes the process
become equivalent to drawing a sample accroding to a continuous
probability distribution y = [y1, · · · ,yp , · · · ,yP ]:
yp =
exp((log(πp ) + дp )/τ )∑P
j=1 exp((log(πj ) + дj )/τ )
(7)
This is called Gumbel-Softmax distribution, where τ is a temper-
ature parameter. The related proofs can be found in the original
papers.
Straight-Through (ST) gumbel-Softmax takes different paths in
the forward and backward propagation, so as to maintain sparsity
yet support stochastic gredient descent (SGD). In the forward pass,
it discretizes the continuous probability distribution for a one-hot
vector as mentioned above. And in the backward pass, it simply
follows the continuous y, thus the error signal is still able to be
backpropagated.
In the hard strategy, we define the score function for πp as the
similarity between the user-item pair and preference:
ϕ(u, i,p) = Similarity(u + i, p) (8)
We use dot product as similarity function.
4.1.2 Soft Strategy. Actually, a user might like an item according
to various factors, which have no distinct boundary. Instead of
selecting the most prominent preference, the soft strategy is to
combine multiple preferences via the attention mechanism:
p =
∑
p′∈P
αp′p′ (9)
where αp′ is the attention weight of preference p′, and defined as
proportional to the similarity score:
αp′ ∝ ϕ(u, i,p′) (10)
4.2 Hyperplane-based Translation
Inspired by TransH, we introduce the hyperplane to deal with the
variety of preferences. That is, different users may share the same
preference to different items (i.e., N-to-N issue), which is pretty
common in practice. Obviously, it is confusing for the TransE-like
transition: the embeddings of items are close as long as a user who
likes both of them are due to the some preference (Figure 2(a)),
u
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<latexit sha1_base64=" CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSs NAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEj IToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5 XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJ njMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYx H/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDE UIQFAkh6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oO ade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y 376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTal hdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq 3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldm ZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/ i2nIcPWByPdQ==</latexit><latexit sha1_base64=" CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSs NAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEj IToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5 XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJ njMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYx H/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDE UIQFAkh6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oO ade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y 376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTal hdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq 3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldm ZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/ i2nIcPWByPdQ==</latexit><latexit sha1_base64=" CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSs NAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEj IToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5 XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJ njMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYx H/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDE UIQFAkh6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oO ade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y 376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTal hdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq 3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldm ZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/ i2nIcPWByPdQ==</latexit><latexit sha1_base64=" CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSs NAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEj IToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5 XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJ njMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYx H/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDE UIQFAkh6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oO ade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y 376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTal hdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq 3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldm ZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/ i2nIcPWByPdQ==</latexit>
i ⇡ i0
<latexit sha1_base64=" xdYa1XfFz1YbRsUlXC382EPlJ8c=">AAACznicjVHLSs NAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBbJEmndWiaDJ NJsZTi1h9wq58l/oH+hXfGFNQiOiHJmXPPuTP3Xl+EP FGO85qzFhaXllfyq4W19Y3NreL2Tj2JUxmwWhCHsWz6X sJCHrGa4ipkTSGZN/RD1vAHFzreGDGZ8Di6VmPBOkOv H/EeDzxFVIu3PSFkfGfzw5tiySk7ZtnzwM1ACdmqxsUX tNFFjAAphmCIoAiH8JDQ04ILB4K4DibESULcxBmmKJA3 JRUjhUfsgL592rUyNqK9zpkYd0CnhPRKcto4IE9MOkl Yn2abeGoya/a33BOTU99tTH8/yzUkVuGW2L98M+V/fbo WhR7OTA2cahKG0dUFWZbUdEXf3P5SlaIMgjiNuxSXhAP jnPXZNp7E1K5765n4m1FqVu+DTJviXd+SBuz+HOc8qB +XXafsXp2UKufZqPPYwz6OaJ6nqOASVdRMxx/xhGerao 2sqXX/KbVymWcX35b18AGCQZN4</latexit><latexit sha1_base64=" xdYa1XfFz1YbRsUlXC382EPlJ8c=">AAACznicjVHLSs NAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBbJEmndWiaDJ NJsZTi1h9wq58l/oH+hXfGFNQiOiHJmXPPuTP3Xl+EP FGO85qzFhaXllfyq4W19Y3NreL2Tj2JUxmwWhCHsWz6X sJCHrGa4ipkTSGZN/RD1vAHFzreGDGZ8Di6VmPBOkOv H/EeDzxFVIu3PSFkfGfzw5tiySk7ZtnzwM1ACdmqxsUX tNFFjAAphmCIoAiH8JDQ04ILB4K4DibESULcxBmmKJA3 JRUjhUfsgL592rUyNqK9zpkYd0CnhPRKcto4IE9MOkl Yn2abeGoya/a33BOTU99tTH8/yzUkVuGW2L98M+V/fbo WhR7OTA2cahKG0dUFWZbUdEXf3P5SlaIMgjiNuxSXhAP jnPXZNp7E1K5765n4m1FqVu+DTJviXd+SBuz+HOc8qB +XXafsXp2UKufZqPPYwz6OaJ6nqOASVdRMxx/xhGerao 2sqXX/KbVymWcX35b18AGCQZN4</latexit><latexit sha1_base64=" xdYa1XfFz1YbRsUlXC382EPlJ8c=">AAACznicjVHLSs NAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBbJEmndWiaDJ NJsZTi1h9wq58l/oH+hXfGFNQiOiHJmXPPuTP3Xl+EP FGO85qzFhaXllfyq4W19Y3NreL2Tj2JUxmwWhCHsWz6X sJCHrGa4ipkTSGZN/RD1vAHFzreGDGZ8Di6VmPBOkOv H/EeDzxFVIu3PSFkfGfzw5tiySk7ZtnzwM1ACdmqxsUX tNFFjAAphmCIoAiH8JDQ04ILB4K4DibESULcxBmmKJA3 JRUjhUfsgL592rUyNqK9zpkYd0CnhPRKcto4IE9MOkl Yn2abeGoya/a33BOTU99tTH8/yzUkVuGW2L98M+V/fbo WhR7OTA2cahKG0dUFWZbUdEXf3P5SlaIMgjiNuxSXhAP jnPXZNp7E1K5765n4m1FqVu+DTJviXd+SBuz+HOc8qB +XXafsXp2UKufZqPPYwz6OaJ6nqOASVdRMxx/xhGerao 2sqXX/KbVymWcX35b18AGCQZN4</latexit><latexit sha1_base64=" xdYa1XfFz1YbRsUlXC382EPlJ8c=">AAACznicjVHLSs NAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBbJEmndWiaDJ NJsZTi1h9wq58l/oH+hXfGFNQiOiHJmXPPuTP3Xl+EP FGO85qzFhaXllfyq4W19Y3NreL2Tj2JUxmwWhCHsWz6X sJCHrGa4ipkTSGZN/RD1vAHFzreGDGZ8Di6VmPBOkOv H/EeDzxFVIu3PSFkfGfzw5tiySk7ZtnzwM1ACdmqxsUX tNFFjAAphmCIoAiH8JDQ04ILB4K4DibESULcxBmmKJA3 JRUjhUfsgL592rUyNqK9zpkYd0CnhPRKcto4IE9MOkl Yn2abeGoya/a33BOTU99tTH8/yzUkVuGW2L98M+V/fbo WhR7OTA2cahKG0dUFWZbUdEXf3P5SlaIMgjiNuxSXhAP jnPXZNp7E1K5765n4m1FqVu+DTJviXd+SBuz+HOc8qB +XXafsXp2UKufZqPPYwz6OaJ6nqOASVdRMxx/xhGerao 2sqXX/KbVymWcX35b18AGCQZN4</latexit>
(a) TransE
u
<latexit sha1_base64="i+elp7OtusenBAzjnXWo +H5LzHk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEjIzQin6A27128Q/ 0L/wzpiCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZKKziDWjRCRZJwwkEzxmTcWVYJ 00Y8E4FKwdjs5NvH3HMsmT+EpNUtYbB8OYD3gUKKIa+qZc8aqeXe488HNQQb7qSfkF1+gjQQSNMRhiKMIC ASQ9XfjwkBLXw5S4jBC3cYZ7lEirKYtRRkDsiL5D2nVzNqa98ZRWHdEpgt6MlC4OSJNQXkbYnObauLbOhv 3Ne2o9zd0m9A9zrzGxCrfE/qWbZf5XZ2pRGODU1sCpptQyprood9G2K+bm7peqFDmkxBncp3hGOLLKWZ9d q5G2dtPbwMbfbKZhzT7KczXezS1pwP7Pcc6D1lHV96p+47hSO8tHXcQe9nFI8zxBDZeoo2m9H/GEZ+fCEY 509GeqU8g1u/i2nIcPY/yPeg==</latexit><latexit sha1_base64="i+elp7OtusenBAzjnXWo +H5LzHk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEjIzQin6A27128Q/ 0L/wzpiCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZKKziDWjRCRZJwwkEzxmTcWVYJ 00Y8E4FKwdjs5NvH3HMsmT+EpNUtYbB8OYD3gUKKIa+qZc8aqeXe488HNQQb7qSfkF1+gjQQSNMRhiKMIC ASQ9XfjwkBLXw5S4jBC3cYZ7lEirKYtRRkDsiL5D2nVzNqa98ZRWHdEpgt6MlC4OSJNQXkbYnObauLbOhv 3Ne2o9zd0m9A9zrzGxCrfE/qWbZf5XZ2pRGODU1sCpptQyprood9G2K+bm7peqFDmkxBncp3hGOLLKWZ9d q5G2dtPbwMbfbKZhzT7KczXezS1pwP7Pcc6D1lHV96p+47hSO8tHXcQe9nFI8zxBDZeoo2m9H/GEZ+fCEY 509GeqU8g1u/i2nIcPY/yPeg==</latexit><latexit sha1_base64="i+elp7OtusenBAzjnXWo +H5LzHk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEjIzQin6A27128Q/ 0L/wzpiCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZKKziDWjRCRZJwwkEzxmTcWVYJ 00Y8E4FKwdjs5NvH3HMsmT+EpNUtYbB8OYD3gUKKIa+qZc8aqeXe488HNQQb7qSfkF1+gjQQSNMRhiKMIC ASQ9XfjwkBLXw5S4jBC3cYZ7lEirKYtRRkDsiL5D2nVzNqa98ZRWHdEpgt6MlC4OSJNQXkbYnObauLbOhv 3Ne2o9zd0m9A9zrzGxCrfE/qWbZf5XZ2pRGODU1sCpptQyprood9G2K+bm7peqFDmkxBncp3hGOLLKWZ9d q5G2dtPbwMbfbKZhzT7KczXezS1pwP7Pcc6D1lHV96p+47hSO8tHXcQe9nFI8zxBDZeoo2m9H/GEZ+fCEY 509GeqU8g1u/i2nIcPY/yPeg==</latexit><latexit sha1_base64="i+elp7OtusenBAzjnXWo +H5LzHk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEjIzQin6A27128Q/ 0L/wzpiCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZKKziDWjRCRZJwwkEzxmTcWVYJ 00Y8E4FKwdjs5NvH3HMsmT+EpNUtYbB8OYD3gUKKIa+qZc8aqeXe488HNQQb7qSfkF1+gjQQSNMRhiKMIC ASQ9XfjwkBLXw5S4jBC3cYZ7lEirKYtRRkDsiL5D2nVzNqa98ZRWHdEpgt6MlC4OSJNQXkbYnObauLbOhv 3Ne2o9zd0m9A9zrzGxCrfE/qWbZf5XZ2pRGODU1sCpptQyprood9G2K+bm7peqFDmkxBncp3hGOLLKWZ9d q5G2dtPbwMbfbKZhzT7KczXezS1pwP7Pcc6D1lHV96p+47hSO8tHXcQe9nFI8zxBDZeoo2m9H/GEZ+fCEY 509GeqU8g1u/i2nIcPY/yPeg==</latexit>
i
<latexit sha1_base64="arFPHreXCSnhQ+sV JQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYTo RT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aM EpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54Ft QgV31pPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99s yMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU 2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB 66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</l atexit><latexit sha1_base64="arFPHreXCSnhQ+sV JQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYTo RT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aM EpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54Ft QgV31pPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99s yMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU 2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB 66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</l atexit><latexit sha1_base64="arFPHreXCSnhQ+sV JQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYTo RT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aM EpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54Ft QgV31pPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99s yMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU 2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB 66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</l atexit><latexit sha1_base64="arFPHreXCSnhQ+sV JQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYTo RT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aM EpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54Ft QgV31pPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99s yMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU 2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB 66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</l atexit>
i0
<latexit sha1_base64="bwgIzFrpOwxQcPe/vLINwT1KNXU=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VRI RdFl0ocsq9gG1SJJO69C8mEwKpYg/4FZ/TfwD/QvvjFNQi+iEJGfOvefM3Hv9NOSZdJzXgjU3v7C4VFwurayurW+UN7eaWZKLgDWCJExE2/cyFvKYNSSXIWungnmRH7KWPzxT8daIiYwn8bUcp6wbeYOY93ngSaKu+P5tueJUHb3s WeAaUIFZ9aT8ghv0kCBAjggMMSThEB4yejpw4SAlrosJcYIQ13GGe5RIm1MWowyP2CF9B7TrGDamvfLMtDqgU0J6BSlt7JEmoTxBWJ1m63iunRX7m/dEe6q7jenvG6+IWIk7Yv/STTP/q1O1SPRxomvgVFOqGVVdYFxy3RV1c/tLV ZIcUuIU7lFcEA60ctpnW2syXbvqrafjbzpTsWofmNwc7+qWNGD35zhnQfOw6jpV9/KoUjs1oy5iB7s4oHkeo4YL1NEg7z4e8YRn69yKLGmNPlOtgtFs49uyHj4AykWPnw==</latexit><latexit sha1_base64="bwgIzFrpOwxQcPe/vLINwT1KNXU=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VRI RdFl0ocsq9gG1SJJO69C8mEwKpYg/4FZ/TfwD/QvvjFNQi+iEJGfOvefM3Hv9NOSZdJzXgjU3v7C4VFwurayurW+UN7eaWZKLgDWCJExE2/cyFvKYNSSXIWungnmRH7KWPzxT8daIiYwn8bUcp6wbeYOY93ngSaKu+P5tueJUHb3s WeAaUIFZ9aT8ghv0kCBAjggMMSThEB4yejpw4SAlrosJcYIQ13GGe5RIm1MWowyP2CF9B7TrGDamvfLMtDqgU0J6BSlt7JEmoTxBWJ1m63iunRX7m/dEe6q7jenvG6+IWIk7Yv/STTP/q1O1SPRxomvgVFOqGVVdYFxy3RV1c/tLV ZIcUuIU7lFcEA60ctpnW2syXbvqrafjbzpTsWofmNwc7+qWNGD35zhnQfOw6jpV9/KoUjs1oy5iB7s4oHkeo4YL1NEg7z4e8YRn69yKLGmNPlOtgtFs49uyHj4AykWPnw==</latexit><latexit sha1_base64="bwgIzFrpOwxQcPe/vLINwT1KNXU=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VRI RdFl0ocsq9gG1SJJO69C8mEwKpYg/4FZ/TfwD/QvvjFNQi+iEJGfOvefM3Hv9NOSZdJzXgjU3v7C4VFwurayurW+UN7eaWZKLgDWCJExE2/cyFvKYNSSXIWungnmRH7KWPzxT8daIiYwn8bUcp6wbeYOY93ngSaKu+P5tueJUHb3s WeAaUIFZ9aT8ghv0kCBAjggMMSThEB4yejpw4SAlrosJcYIQ13GGe5RIm1MWowyP2CF9B7TrGDamvfLMtDqgU0J6BSlt7JEmoTxBWJ1m63iunRX7m/dEe6q7jenvG6+IWIk7Yv/STTP/q1O1SPRxomvgVFOqGVVdYFxy3RV1c/tLV ZIcUuIU7lFcEA60ctpnW2syXbvqrafjbzpTsWofmNwc7+qWNGD35zhnQfOw6jpV9/KoUjs1oy5iB7s4oHkeo4YL1NEg7z4e8YRn69yKLGmNPlOtgtFs49uyHj4AykWPnw==</latexit><latexit sha1_base64="bwgIzFrpOwxQcPe/vLINwT1KNXU=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VRI RdFl0ocsq9gG1SJJO69C8mEwKpYg/4FZ/TfwD/QvvjFNQi+iEJGfOvefM3Hv9NOSZdJzXgjU3v7C4VFwurayurW+UN7eaWZKLgDWCJExE2/cyFvKYNSSXIWungnmRH7KWPzxT8daIiYwn8bUcp6wbeYOY93ngSaKu+P5tueJUHb3s WeAaUIFZ9aT8ghv0kCBAjggMMSThEB4yejpw4SAlrosJcYIQ13GGe5RIm1MWowyP2CF9B7TrGDamvfLMtDqgU0J6BSlt7JEmoTxBWJ1m63iunRX7m/dEe6q7jenvG6+IWIk7Yv/STTP/q1O1SPRxomvgVFOqGVVdYFxy3RV1c/tLV ZIcUuIU7lFcEA60ctpnW2syXbvqrafjbzpTsWofmNwc7+qWNGD35zhnQfOw6jpV9/KoUjs1oy5iB7s4oHkeo4YL1NEg7z4e8YRn69yKLGmNPlOtgtFs49uyHj4AykWPnw==</latexit>
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(b) TransH
Figure 2: Illustration of the two translation schemes for item
recommendation
leading to an incorrect conclusion that a user consuming one shall
consume the other, no matter what the user’s preference is.
Such limitations are alleviated by introducing perference hyper-
planes as illustrated in Figure 2(b): i and i ′ have different represen-
tations, and are similar only when they are projected to a specific
hyperplane. We thus define the hyperplane-based translation func-
tion as follows:
д(u, i;p) =∥ u⊥ + p − i⊥ ∥ (11)
where u⊥ and i⊥ are projected vectors of the user and the item, and
are obtained through the induced preference p that plays a similar
role as relations in TransH:
u⊥ = u −wTpuwp (12)
i⊥ = i −wTp iwp (13)
where wp is the projection vector that is obtained along with the
induction process of preferences p: either to pick up the correspond-
ing one using the hard strategy, or through attentive addition of all
projection vectors based on the induced attention weights in the
soft strategy:
wp =
∑
p′∈P
αp′wp′ (14)
We encourage the translation distances of the interacted items
to be smaller than random ones for each user through BPR Loss
function:
Lp =
∑
(u,i)∈Y
∑
(u,i′)∈Y′
− logσ [д(u, i ′;p′) − д(u, i;p)] (15)
where Y ′ contains negative interactions by randomly corrupting
an interacted item to a non-interacted one for each user.
Tranditional methods (e.g., BPRMF [34]) recommend items for a
user by computing a scalar score based on user and item embed-
dings, which indicates to which extent the user prefers to the item.
Instead, we model preferences as vectors in order to (1) capture the
commonality among users as global latent features, compared with
user embeddings which only concerns with the local features of the
user alone, and (2) reflect richer semantics for explainable ability.
5 JOINT LEARNING VIA KTUP FOR TWO
TASKS
KTUP extends the translation-based recommendation model, TUP,
by incorporating KG knowledge of entities as well as relations.
Intuitively, the auxiliary knowledge supplements the connectivity
among items as constraints to model user-item pairs. On the other
hand, the understanding of users’ preferences to items shall reveal
their commonality related to some relation types and entities, which
may be missing in the given KG.
5.1 KTUP
Figure 3 presents the overall framework of KTUP. On the left side is
the inputs: user-item interactions, knowledge graph and the align-
ments between items and entities. At the top-right corner is TUP
for item recommendation, while TransH for knowledge graph com-
pletion is at the bottom-right corner. KTUP jointly learns the two
tasks by enhancing the embeddings of items and preferences with
that of entities and relations. We define the knowledge enhanced
TUP translation function as follows:
д(u, i;p) =∥ u⊥ + pˆ − iˆ⊥ ∥ (16)
where iˆ⊥ is the projected vector for the enhanced item embedding
iˆ by the corresponding entity embedding e:
iˆ⊥ = iˆ − wˆTp iˆwˆp (17)
iˆ = i + e, (i, e) ∈ A (18)
And pˆ and wˆp are the translation vector and the projection
vector enhanced by those of the corresponding relation embedding
according a predefined one-to-one mapping R → P. We obtain
these two vectors as follows:
pˆ = p + r (19)
wˆp = wp +wr (20)
Thus, for entities and items, the enhanced item embeddings
contain the relational knowledge among items that is complemen-
tary to user-item interactions, and improves item recommendation,
since the entity embedding e perserves the structural knowledge
in KG. Meanwhile, the entity embedding e shall be fine tuned by
the additional connectivity through users and items during back-
propagation. Note that we don’t use the combined embeddings for
both tasks, because it makes the embeddings of items the same as
corresponding entities in two tasks, which actually degrades our
model to share embeddings between items and entities.
For relations and preferences, the usage of relations not only
offers explicit interpretation of explainability, but also further com-
bines the two tasks more sufficiently at model level. On one hand,
through the one-to-one mapping, the meaning of each preference is
revealed by the relation label. For instance, the relation isDirectorOf
reveals a preference to director, or starring for a preference to movie
stars. On the other hand, many items have no aligned entities due
to the incompleteness of KG, which limits the mutual impacts to
the alignments between entities and items in the models that only
transfer knowledge of entities. Considering that each user-item pair
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i5
<latexit sha1_base64="KABVEzJHtZp4FdxhlHgkm6ZT/gg =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRJRdFl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXon/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18APO+kBY=</latexit><latexit sha1_base64="KABVEzJHtZp4FdxhlHgkm6ZT/gg =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRJRdFl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXon/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18APO+kBY=</latexit><latexit sha1_base64="KABVEzJHtZp4FdxhlHgkm6ZT/gg =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRJRdFl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXon/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18APO+kBY=</latexit><latexit sha1_base64="KABVEzJHtZp4FdxhlHgkm6ZT/gg =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRJRdFl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXon/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18APO+kBY=</latexit>
i2
<latexit sha1_base64="dcPorU0wVsNT8oyQXvaAKO8r51w =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLopsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5 t7rpyHPpOO8FqyFxaXlleJqaW19Y3OrvL3TzpJcBKwVJGEirnwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5k MeeJKoC96v9csVp+roZc8D14AKzGom5RdcY4AEAXJEYIghCYfwkNHThQsHKXE9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe 2VZ6bVAZ0S0itIaeOANAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiBNdA6eaUs2o6gLjkuuuqJvbX6q S5JASp/CA4oJwoJWzPttak+naVW89HX/TmYpV+8Dk5nhXt6QBuz/HOQ/atarrVN3zo0r91Iy6iD3s45DmeYw6GmiiRd4jPOI Jz1bDiq3cuvtMtQpGs4tvy3r4AOyekBM=</latexit><latexit sha1_base64="dcPorU0wVsNT8oyQXvaAKO8r51w =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLopsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5 t7rpyHPpOO8FqyFxaXlleJqaW19Y3OrvL3TzpJcBKwVJGEirnwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5k MeeJKoC96v9csVp+roZc8D14AKzGom5RdcY4AEAXJEYIghCYfwkNHThQsHKXE9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe 2VZ6bVAZ0S0itIaeOANAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiBNdA6eaUs2o6gLjkuuuqJvbX6q S5JASp/CA4oJwoJWzPttak+naVW89HX/TmYpV+8Dk5nhXt6QBuz/HOQ/atarrVN3zo0r91Iy6iD3s45DmeYw6GmiiRd4jPOI Jz1bDiq3cuvtMtQpGs4tvy3r4AOyekBM=</latexit><latexit sha1_base64="dcPorU0wVsNT8oyQXvaAKO8r51w =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLopsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5 t7rpyHPpOO8FqyFxaXlleJqaW19Y3OrvL3TzpJcBKwVJGEirnwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5k MeeJKoC96v9csVp+roZc8D14AKzGom5RdcY4AEAXJEYIghCYfwkNHThQsHKXE9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe 2VZ6bVAZ0S0itIaeOANAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiBNdA6eaUs2o6gLjkuuuqJvbX6q S5JASp/CA4oJwoJWzPttak+naVW89HX/TmYpV+8Dk5nhXt6QBuz/HOQ/atarrVN3zo0r91Iy6iD3s45DmeYw6GmiiRd4jPOI Jz1bDiq3cuvtMtQpGs4tvy3r4AOyekBM=</latexit><latexit sha1_base64="dcPorU0wVsNT8oyQXvaAKO8r51w =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLopsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5 t7rpyHPpOO8FqyFxaXlleJqaW19Y3OrvL3TzpJcBKwVJGEirnwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5k MeeJKoC96v9csVp+roZc8D14AKzGom5RdcY4AEAXJEYIghCYfwkNHThQsHKXE9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe 2VZ6bVAZ0S0itIaeOANAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiBNdA6eaUs2o6gLjkuuuqJvbX6q S5JASp/CA4oJwoJWzPttak+naVW89HX/TmYpV+8Dk5nhXt6QBuz/HOQ/atarrVN3zo0r91Iy6iD3s45DmeYw6GmiiRd4jPOI Jz1bDiq3cuvtMtQpGs4tvy3r4AOyekBM=</latexit>
…
…
User-Item Interaction
Knowledge Graph
r1
<latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit><latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit><latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit><latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit>
r1
<latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit><latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit><latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit><latexit sha1_base64="+HKrfPoENaBXTiFDqPoRvODNtH8 =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zu ff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00jiTjDdZHMSy43spD0TEm0qogHcSyb3QD3jbH5/rePuWy1TE0ZWaJLwXeqNIDA XzFFGXsu/2yxWn6phlzwM3BxXkqxGXX3CNAWIwZAjBEUERDuAhpacLFw4S4nqYEicJCRPnuEeJtBllccrwiB3Td0S7bs5GtN eeqVEzOiWgV5LSxgFpYsqThPVptolnxlmzv3lPjae+24T+fu4VEqtwQ+xfulnmf3W6FoUhTk0NgmpKDKOrY7lLZrqib25/qUq RQ0KcxgOKS8LMKGd9to0mNbXr3nom/mYyNav3LM/N8K5vSQN2f45zHrSOqq5TdS+OK7WzfNRF7GEfhzTPE9RQRwNN8h7hEU9 4tupWZGXW3WeqVcg1u/i2rIcP/7CQGw==</latexit>
r3
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e7
<latexit sha1_base64="Kc1kLlP5TBTRLfQGmkrLrEf4yr0 =">AAACxnicjVHLSsNAFD2Nr/quunQTLIKrkohQl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE/9A/8I7YwpqEZ2Q5My595yZe 6+fBCJVjvNasBYWl5ZXiqtr6xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743Mdb99ymYo4ulKThPdCbxSJoW CeIuqS96v9UtmpOGbZ88DNQRn5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57rFG2oyyOGV4xI7pO6JdN2cj2m vP1KgZnRLQK0lp45A0MeVJwvo028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQp6YGQTUlhtHVsdwlM13RN7e/VKX IISFO4wHFJWFmlLM+20aTmtp1bz0TfzOZmtV7ludmeNe3pAG7P8c5D1rHFdepuBcn5dpZPuoi9nGAI5pnFTXU0UCTvEd4xBO erboVWZl195lqFXLNHr4t6+ED7vaQFA==</latexit><latexit sha1_base64="Kc1kLlP5TBTRLfQGmkrLrEf4yr0 =">AAACxnicjVHLSsNAFD2Nr/quunQTLIKrkohQl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE/9A/8I7YwpqEZ2Q5My595yZe 6+fBCJVjvNasBYWl5ZXiqtr6xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743Mdb99ymYo4ulKThPdCbxSJoW CeIuqS96v9UtmpOGbZ88DNQRn5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57rFG2oyyOGV4xI7pO6JdN2cj2m vP1KgZnRLQK0lp45A0MeVJwvo028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQp6YGQTUlhtHVsdwlM13RN7e/VKX IISFO4wHFJWFmlLM+20aTmtp1bz0TfzOZmtV7ludmeNe3pAG7P8c5D1rHFdepuBcn5dpZPuoi9nGAI5pnFTXU0UCTvEd4xBO erboVWZl195lqFXLNHr4t6+ED7vaQFA==</latexit><latexit sha1_base64="Kc1kLlP5TBTRLfQGmkrLrEf4yr0 =">AAACxnicjVHLSsNAFD2Nr/quunQTLIKrkohQl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE/9A/8I7YwpqEZ2Q5My595yZe 6+fBCJVjvNasBYWl5ZXiqtr6xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743Mdb99ymYo4ulKThPdCbxSJoW CeIuqS96v9UtmpOGbZ88DNQRn5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57rFG2oyyOGV4xI7pO6JdN2cj2m vP1KgZnRLQK0lp45A0MeVJwvo028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQp6YGQTUlhtHVsdwlM13RN7e/VKX IISFO4wHFJWFmlLM+20aTmtp1bz0TfzOZmtV7ludmeNe3pAG7P8c5D1rHFdepuBcn5dpZPuoi9nGAI5pnFTXU0UCTvEd4xBO erboVWZl195lqFXLNHr4t6+ED7vaQFA==</latexit><latexit sha1_base64="Kc1kLlP5TBTRLfQGmkrLrEf4yr0 =">AAACxnicjVHLSsNAFD2Nr/quunQTLIKrkohQl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE/9A/8I7YwpqEZ2Q5My595yZe 6+fBCJVjvNasBYWl5ZXiqtr6xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743Mdb99ymYo4ulKThPdCbxSJoW CeIuqS96v9UtmpOGbZ88DNQRn5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57rFG2oyyOGV4xI7pO6JdN2cj2m vP1KgZnRLQK0lp45A0MeVJwvo028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQp6YGQTUlhtHVsdwlM13RN7e/VKX IISFO4wHFJWFmlLM+20aTmtp1bz0TfzOZmtV7ludmeNe3pAG7P8c5D1rHFdepuBcn5dpZPuoi9nGAI5pnFTXU0UCTvEd4xBO erboVWZl195lqFXLNHr4t6+ED7vaQFA==</latexit>
e8
<latexit sha1_base64="8E0 a7hUP+NHsE73RkRdTDykaTBs=">AAACxnicjVHLSsNAFD2Nr /quunQTLIKrkohgl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE /9A/8I7YwpqEZ2Q5My595yZe6+fBCJVjvNasBYWl5ZXiqtr6 xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743 Mdb99ymYo4ulKThPdCbxSJoWCeIuqS96v9UtmpOGbZ88DNQR n5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57r FG2oyyOGV4xI7pO6JdN2cj2mvP1KgZnRLQK0lp45A0MeVJwv o028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQVV ODoJoSw+jqWO6Sma7om9tfqlLkkBCn8YDikjAzylmfbaNJTe2 6t56Jv5lMzeo9y3MzvOtb0oDdn+OcB63jiutU3IuTcu0sH3U R+zjAEc3zFDXU0UCTvEd4xBOerboVWZl195lqFXLNHr4t6+E D8VaQFQ==</latexit><latexit sha1_base64="8E0 a7hUP+NHsE73RkRdTDykaTBs=">AAACxnicjVHLSsNAFD2Nr /quunQTLIKrkohgl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE /9A/8I7YwpqEZ2Q5My595yZe6+fBCJVjvNasBYWl5ZXiqtr6 xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743 Mdb99ymYo4ulKThPdCbxSJoWCeIuqS96v9UtmpOGbZ88DNQR n5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57r FG2oyyOGV4xI7pO6JdN2cj2mvP1KgZnRLQK0lp45A0MeVJwv o028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQVV ODoJoSw+jqWO6Sma7om9tfqlLkkBCn8YDikjAzylmfbaNJTe2 6t56Jv5lMzeo9y3MzvOtb0oDdn+OcB63jiutU3IuTcu0sH3U R+zjAEc3zFDXU0UCTvEd4xBOerboVWZl195lqFXLNHr4t6+E D8VaQFQ==</latexit><latexit sha1_base64="8E0 a7hUP+NHsE73RkRdTDykaTBs=">AAACxnicjVHLSsNAFD2Nr /quunQTLIKrkohgl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE /9A/8I7YwpqEZ2Q5My595yZe6+fBCJVjvNasBYWl5ZXiqtr6 xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743 Mdb99ymYo4ulKThPdCbxSJoWCeIuqS96v9UtmpOGbZ88DNQR n5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57r FG2oyyOGV4xI7pO6JdN2cj2mvP1KgZnRLQK0lp45A0MeVJwv o028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQVV ODoJoSw+jqWO6Sma7om9tfqlLkkBCn8YDikjAzylmfbaNJTe2 6t56Jv5lMzeo9y3MzvOtb0oDdn+OcB63jiutU3IuTcu0sH3U R+zjAEc3zFDXU0UCTvEd4xBOerboVWZl195lqFXLNHr4t6+E D8VaQFQ==</latexit><latexit sha1_base64="8E0 a7hUP+NHsE73RkRdTDykaTBs=">AAACxnicjVHLSsNAFD2Nr /quunQTLIKrkohgl0U3XVa0D6ilJNNpHZoXk4lSiuAPuNVPE /9A/8I7YwpqEZ2Q5My595yZe6+fBCJVjvNasBYWl5ZXiqtr6 xubW9ulnd1WGmeS8SaLg1h2fC/lgYh4UwkV8E4iuRf6AW/743 Mdb99ymYo4ulKThPdCbxSJoWCeIuqS96v9UtmpOGbZ88DNQR n5asSlF1xjgBgMGUJwRFCEA3hI6enChYOEuB6mxElCwsQ57r FG2oyyOGV4xI7pO6JdN2cj2mvP1KgZnRLQK0lp45A0MeVJwv o028Qz46zZ37ynxlPfbUJ/P/cKiVW4IfYv3Szzvzpdi8IQVV ODoJoSw+jqWO6Sma7om9tfqlLkkBCn8YDikjAzylmfbaNJTe2 6t56Jv5lMzeo9y3MzvOtb0oDdn+OcB63jiutU3IuTcu0sH3U R+zjAEc3zFDXU0UCTvEd4xBOerboVWZl195lqFXLNHr4t6+E D8VaQFQ==</latexit>
e6
<latexit sha1_base64="ttI65d5pXw4W/UiCa/Mrt5xjzbs =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXvH/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18AOyWkBM=</latexit><latexit sha1_base64="ttI65d5pXw4W/UiCa/Mrt5xjzbs =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXvH/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18AOyWkBM=</latexit><latexit sha1_base64="ttI65d5pXw4W/UiCa/Mrt5xjzbs =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXvH/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18AOyWkBM=</latexit><latexit sha1_base64="ttI65d5pXw4W/UiCa/Mrt5xjzbs =">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVl002VF+4BaSjKd1sG8mEyUUgR/wK1+mvgH+hfeGVNQi+iEJGfOvefM3 Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7daaZxJxpssDmLZ8b2UByLiTSVUwDuJ5F7oB7zt35zpePuWy1TE0aUaJ7wXeqNIDA XzFFEXvH/UL1ecqmOWPQvcHFSQr0ZcfsEVBojBkCEERwRFOICHlJ4uXDhIiOthQpwkJEyc4x4l0maUxSnDI/aGviPadXM2or 32TI2a0SkBvZKUNvZIE1OeJKxPs008M86a/c17Yjz13cb093OvkFiFa2L/0k0z/6vTtSgMcWJqEFRTYhhdHctdMtMVfXP7S1W KHBLiNB5QXBJmRjnts200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Ocs6B1UHWdqnt+WKmd5qMuYge72Kd5HqOGOhpokvcIj3j Cs1W3Iiuz7j5TrUKu2ca3ZT18AOyWkBM=</latexit>
(u, i)
<latexit sha1_base64="mYU8HRKFzLG6Ua6wHE+3xC9SmiU =">AAACyHicjVHLSsNAFD2Nr1pfVZdugkWoICURQZdFN+KqgmkLtUgyndbBNAnJRCnFjT/gVr9M/AP9C++MU1CL6IQkZ8695 8zce4MkFJl0nNeCNTM7N79QXCwtLa+srpXXN5pZnKeMeywO47Qd+BkPRcQ9KWTI20nK/WEQ8lZwc6LirVueZiKOLuQo4d2hP4 hEXzBfEuVV8z2xe1WuODVHL3sauAZUYFYjLr/gEj3EYMgxBEcESTiEj4yeDlw4SIjrYkxcSkjoOMc9SqTNKYtThk/sDX0HtO sYNqK98sy0mtEpIb0pKW3skCamvJSwOs3W8Vw7K/Y377H2VHcb0T8wXkNiJa6J/Us3yfyvTtUi0ceRrkFQTYlmVHXMuOS6K+r m9peqJDkkxCnco3hKmGnlpM+21mS6dtVbX8ffdKZi1Z6Z3Bzv6pY0YPfnOKdBc7/mOjX3/KBSPzajLmIL26jSPA9Rxyka8Mh b4BFPeLbOrMS6s0afqVbBaDbxbVkPHyA1kIg=</latexit><latexit sha1_base64="mYU8HRKFzLG6Ua6wHE+3xC9SmiU =">AAACyHicjVHLSsNAFD2Nr1pfVZdugkWoICURQZdFN+KqgmkLtUgyndbBNAnJRCnFjT/gVr9M/AP9C++MU1CL6IQkZ8695 8zce4MkFJl0nNeCNTM7N79QXCwtLa+srpXXN5pZnKeMeywO47Qd+BkPRcQ9KWTI20nK/WEQ8lZwc6LirVueZiKOLuQo4d2hP4 hEXzBfEuVV8z2xe1WuODVHL3sauAZUYFYjLr/gEj3EYMgxBEcESTiEj4yeDlw4SIjrYkxcSkjoOMc9SqTNKYtThk/sDX0HtO sYNqK98sy0mtEpIb0pKW3skCamvJSwOs3W8Vw7K/Y377H2VHcb0T8wXkNiJa6J/Us3yfyvTtUi0ceRrkFQTYlmVHXMuOS6K+r m9peqJDkkxCnco3hKmGnlpM+21mS6dtVbX8ffdKZi1Z6Z3Bzv6pY0YPfnOKdBc7/mOjX3/KBSPzajLmIL26jSPA9Rxyka8Mh b4BFPeLbOrMS6s0afqVbBaDbxbVkPHyA1kIg=</latexit><latexit sha1_base64="mYU8HRKFzLG6Ua6wHE+3xC9SmiU =">AAACyHicjVHLSsNAFD2Nr1pfVZdugkWoICURQZdFN+KqgmkLtUgyndbBNAnJRCnFjT/gVr9M/AP9C++MU1CL6IQkZ8695 8zce4MkFJl0nNeCNTM7N79QXCwtLa+srpXXN5pZnKeMeywO47Qd+BkPRcQ9KWTI20nK/WEQ8lZwc6LirVueZiKOLuQo4d2hP4 hEXzBfEuVV8z2xe1WuODVHL3sauAZUYFYjLr/gEj3EYMgxBEcESTiEj4yeDlw4SIjrYkxcSkjoOMc9SqTNKYtThk/sDX0HtO sYNqK98sy0mtEpIb0pKW3skCamvJSwOs3W8Vw7K/Y377H2VHcb0T8wXkNiJa6J/Us3yfyvTtUi0ceRrkFQTYlmVHXMuOS6K+r m9peqJDkkxCnco3hKmGnlpM+21mS6dtVbX8ffdKZi1Z6Z3Bzv6pY0YPfnOKdBc7/mOjX3/KBSPzajLmIL26jSPA9Rxyka8Mh b4BFPeLbOrMS6s0afqVbBaDbxbVkPHyA1kIg=</latexit><latexit sha1_base64="mYU8HRKFzLG6Ua6wHE+3xC9SmiU =">AAACyHicjVHLSsNAFD2Nr1pfVZdugkWoICURQZdFN+KqgmkLtUgyndbBNAnJRCnFjT/gVr9M/AP9C++MU1CL6IQkZ8695 8zce4MkFJl0nNeCNTM7N79QXCwtLa+srpXXN5pZnKeMeywO47Qd+BkPRcQ9KWTI20nK/WEQ8lZwc6LirVueZiKOLuQo4d2hP4 hEXzBfEuVV8z2xe1WuODVHL3sauAZUYFYjLr/gEj3EYMgxBEcESTiEj4yeDlw4SIjrYkxcSkjoOMc9SqTNKYtThk/sDX0HtO sYNqK98sy0mtEpIb0pKW3skCamvJSwOs3W8Vw7K/Y377H2VHcb0T8wXkNiJa6J/Us3yfyvTtUi0ceRrkFQTYlmVHXMuOS6K+r m9peqJDkkxCnco3hKmGnlpM+21mS6dtVbX8ffdKZi1Z6Z3Bzv6pY0YPfnOKdBc7/mOjX3/KBSPzajLmIL26jSPA9Rxyka8Mh b4BFPeLbOrMS6s0afqVbBaDbxbVkPHyA1kIg=</latexit>
(eh, et, r)
<latexit sha1_base64="GjxmhTXkGZ6P7pSmn6P1RQ3aVms =">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoUEoigi6LblxWsK1QS0mm0zY0LyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec 2fuvW7se4m0rNecsbS8srqWXy9sbG5t7xR395pJlArGGyzyI3HrOgn3vZA3pCd9fhsL7gSuz1vu6FLFW2MuEi8Kb+Qk5p3AGY Re32OOJKpd5t1hhXdlRRx3iyWraullLgI7AyVkqx4VX3CHHiIwpAjAEUIS9uEgoacNGxZi4jqYEicIeTrOMUOBvCmpOCkcYk f0HdCunbEh7VXORLsZneLTK8hp4og8EekEYXWaqeOpzqzY33JPdU51twn93SxXQKzEkNi/fHPlf32qFok+znUNHtUUa0ZVx7I sqe6Kurn5pSpJGWLiFO5RXBBm2jnvs6k9ia5d9dbR8TetVKzas0yb4l3dkgZs/xznImieVG2ral+flmoX2ajzOMAhyjTPM9R whToauuOPeMKzUTfGxsy4/5Qaucyzj2/LePgAJ62S6A==</latexit><latexit sha1_base64="GjxmhTXkGZ6P7pSmn6P1RQ3aVms =">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoUEoigi6LblxWsK1QS0mm0zY0LyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec 2fuvW7se4m0rNecsbS8srqWXy9sbG5t7xR395pJlArGGyzyI3HrOgn3vZA3pCd9fhsL7gSuz1vu6FLFW2MuEi8Kb+Qk5p3AGY Re32OOJKpd5t1hhXdlRRx3iyWraullLgI7AyVkqx4VX3CHHiIwpAjAEUIS9uEgoacNGxZi4jqYEicIeTrOMUOBvCmpOCkcYk f0HdCunbEh7VXORLsZneLTK8hp4og8EekEYXWaqeOpzqzY33JPdU51twn93SxXQKzEkNi/fHPlf32qFok+znUNHtUUa0ZVx7I sqe6Kurn5pSpJGWLiFO5RXBBm2jnvs6k9ia5d9dbR8TetVKzas0yb4l3dkgZs/xznImieVG2ral+flmoX2ajzOMAhyjTPM9R whToauuOPeMKzUTfGxsy4/5Qaucyzj2/LePgAJ62S6A==</latexit><latexit sha1_base64="GjxmhTXkGZ6P7pSmn6P1RQ3aVms =">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoUEoigi6LblxWsK1QS0mm0zY0LyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec 2fuvW7se4m0rNecsbS8srqWXy9sbG5t7xR395pJlArGGyzyI3HrOgn3vZA3pCd9fhsL7gSuz1vu6FLFW2MuEi8Kb+Qk5p3AGY Re32OOJKpd5t1hhXdlRRx3iyWraullLgI7AyVkqx4VX3CHHiIwpAjAEUIS9uEgoacNGxZi4jqYEicIeTrOMUOBvCmpOCkcYk f0HdCunbEh7VXORLsZneLTK8hp4og8EekEYXWaqeOpzqzY33JPdU51twn93SxXQKzEkNi/fHPlf32qFok+znUNHtUUa0ZVx7I sqe6Kurn5pSpJGWLiFO5RXBBm2jnvs6k9ia5d9dbR8TetVKzas0yb4l3dkgZs/xznImieVG2ral+flmoX2ajzOMAhyjTPM9R whToauuOPeMKzUTfGxsy4/5Qaucyzj2/LePgAJ62S6A==</latexit><latexit sha1_base64="GjxmhTXkGZ6P7pSmn6P1RQ3aVms =">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoUEoigi6LblxWsK1QS0mm0zY0LyaTQinFrT/gVj9L/AP9C++MKahFdEKSM+eec 2fuvW7se4m0rNecsbS8srqWXy9sbG5t7xR395pJlArGGyzyI3HrOgn3vZA3pCd9fhsL7gSuz1vu6FLFW2MuEi8Kb+Qk5p3AGY Re32OOJKpd5t1hhXdlRRx3iyWraullLgI7AyVkqx4VX3CHHiIwpAjAEUIS9uEgoacNGxZi4jqYEicIeTrOMUOBvCmpOCkcYk f0HdCunbEh7VXORLsZneLTK8hp4og8EekEYXWaqeOpzqzY33JPdU51twn93SxXQKzEkNi/fHPlf32qFok+znUNHtUUa0ZVx7I sqe6Kurn5pSpJGWLiFO5RXBBm2jnvs6k9ia5d9dbR8TetVKzas0yb4l3dkgZs/xznImieVG2ral+flmoX2ajzOMAhyjTPM9R whToauuOPeMKzUTfGxsy4/5Qaucyzj2/LePgAJ62S6A==</latexit>
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<latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit><latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit><latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit><latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit>
⇡<latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit><latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit><latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit><latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit>
e?h<latexit sha1_base64="wFcN7VDO9ekRgRW8womx2FzNg88=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Qakmm03ZomoTMRKjVpT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4cCKkc5zVnzc0vLC7llwsrq2vrG8XNrbqM0oTxGouCKGn6nuSBCHlNCRXwZpxwb+QHvOEPT3W8ccMTKaLwUo1jfjXy+qHoCeYpopq8M7hu+5HqFEtO2THLngVuBkrIVjUqvqCNLiIwpB iBI4QiHMCDpKcFFw5i4q4wIS4hJEyc4x4F8qak4qTwiB3St0+7VsaGtNc5pXEzOiWgNyGnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72e5RsQqDIj9yzdV/tena1Ho4djUIKim2DC6OpZlSU1X9M3tL1UpyhATp3GX4glhZpzTPtvGI03tureeib8ZpWb1nmX aFO/6ljRg9+c4Z0H9oOw6ZffisFQ5yUadxw52sU/zPEIFZ6iiZub4iCc8W+eWtG6tu0+plcs82/i2rIcP59OSdg==</latexit><latexit sha1_base64="wFcN7VDO9ekRgRW8womx2FzNg88=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Qakmm03ZomoTMRKjVpT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4cCKkc5zVnzc0vLC7llwsrq2vrG8XNrbqM0oTxGouCKGn6nuSBCHlNCRXwZpxwb+QHvOEPT3W8ccMTKaLwUo1jfjXy+qHoCeYpopq8M7hu+5HqFEtO2THLngVuBkrIVjUqvqCNLiIwpB iBI4QiHMCDpKcFFw5i4q4wIS4hJEyc4x4F8qak4qTwiB3St0+7VsaGtNc5pXEzOiWgNyGnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72e5RsQqDIj9yzdV/tena1Ho4djUIKim2DC6OpZlSU1X9M3tL1UpyhATp3GX4glhZpzTPtvGI03tureeib8ZpWb1nmX aFO/6ljRg9+c4Z0H9oOw6ZffisFQ5yUadxw52sU/zPEIFZ6iiZub4iCc8W+eWtG6tu0+plcs82/i2rIcP59OSdg==</latexit><latexit sha1_base64="wFcN7VDO9ekRgRW8womx2FzNg88=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Qakmm03ZomoTMRKjVpT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4cCKkc5zVnzc0vLC7llwsrq2vrG8XNrbqM0oTxGouCKGn6nuSBCHlNCRXwZpxwb+QHvOEPT3W8ccMTKaLwUo1jfjXy+qHoCeYpopq8M7hu+5HqFEtO2THLngVuBkrIVjUqvqCNLiIwpB iBI4QiHMCDpKcFFw5i4q4wIS4hJEyc4x4F8qak4qTwiB3St0+7VsaGtNc5pXEzOiWgNyGnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72e5RsQqDIj9yzdV/tena1Ho4djUIKim2DC6OpZlSU1X9M3tL1UpyhATp3GX4glhZpzTPtvGI03tureeib8ZpWb1nmX aFO/6ljRg9+c4Z0H9oOw6ZffisFQ5yUadxw52sU/zPEIFZ6iiZub4iCc8W+eWtG6tu0+plcs82/i2rIcP59OSdg==</latexit><latexit sha1_base64="wFcN7VDO9ekRgRW8womx2FzNg88=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Qakmm03ZomoTMRKjVpT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4cCKkc5zVnzc0vLC7llwsrq2vrG8XNrbqM0oTxGouCKGn6nuSBCHlNCRXwZpxwb+QHvOEPT3W8ccMTKaLwUo1jfjXy+qHoCeYpopq8M7hu+5HqFEtO2THLngVuBkrIVjUqvqCNLiIwpB iBI4QiHMCDpKcFFw5i4q4wIS4hJEyc4x4F8qak4qTwiB3St0+7VsaGtNc5pXEzOiWgNyGnjT3yRKRLCOvTbBNPTWbN/pZ7YnLqu43p72e5RsQqDIj9yzdV/tena1Ho4djUIKim2DC6OpZlSU1X9M3tL1UpyhATp3GX4glhZpzTPtvGI03tureeib8ZpWb1nmX aFO/6ljRg9+c4Z0H9oOw6ZffisFQ5yUadxw52sU/zPEIFZ6iiZub4iCc8W+eWtG6tu0+plcs82/i2rIcP59OSdg==</latexit> e
?
t<latexit sha1_base64="As3RaVI8AarllxP3U8uMt24YNLc=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Q1pJMpzU0TUJmItTq0h9wq/8l/oH+hXfGKahFdEKSM+eec2fuvX4SBkI6zmvOmptfWFzKLxdWVtfWN4qbW3URZynjNRaHcdr0PcHDIOI1GciQN5OUeyM/5A1/eKrijRueiiCOLuU44Z2RN4iCfsA8SVSTd+VV249lt1hyyo5e9ixwDSjBrGpcfEEbPcRgyD ACRwRJOIQHQU8LLhwkxHUwIS4lFOg4xz0K5M1IxUnhETuk74B2LcNGtFc5hXYzOiWkNyWnjT3yxKRLCavTbB3PdGbF/pZ7onOqu43p75tcI2Ilron9yzdV/tenapHo41jXEFBNiWZUdcxkyXRX1M3tL1VJypAQp3CP4ilhpp3TPtvaI3Ttqreejr9ppWLVnhl thnd1Sxqw+3Ocs6B+UHadsntxWKqcmFHnsYNd7NM8j1DBGaqo6Tk+4gnP1rklrFvr7lNq5YxnG9+W9fABBJ6Sgg==</latexit><latexit sha1_base64="As3RaVI8AarllxP3U8uMt24YNLc=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Q1pJMpzU0TUJmItTq0h9wq/8l/oH+hXfGKahFdEKSM+eec2fuvX4SBkI6zmvOmptfWFzKLxdWVtfWN4qbW3URZynjNRaHcdr0PcHDIOI1GciQN5OUeyM/5A1/eKrijRueiiCOLuU44Z2RN4iCfsA8SVSTd+VV249lt1hyyo5e9ixwDSjBrGpcfEEbPcRgyD ACRwRJOIQHQU8LLhwkxHUwIS4lFOg4xz0K5M1IxUnhETuk74B2LcNGtFc5hXYzOiWkNyWnjT3yxKRLCavTbB3PdGbF/pZ7onOqu43p75tcI2Ilron9yzdV/tenapHo41jXEFBNiWZUdcxkyXRX1M3tL1VJypAQp3CP4ilhpp3TPtvaI3Ttqreejr9ppWLVnhl thnd1Sxqw+3Ocs6B+UHadsntxWKqcmFHnsYNd7NM8j1DBGaqo6Tk+4gnP1rklrFvr7lNq5YxnG9+W9fABBJ6Sgg==</latexit><latexit sha1_base64="As3RaVI8AarllxP3U8uMt24YNLc=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Q1pJMpzU0TUJmItTq0h9wq/8l/oH+hXfGKahFdEKSM+eec2fuvX4SBkI6zmvOmptfWFzKLxdWVtfWN4qbW3URZynjNRaHcdr0PcHDIOI1GciQN5OUeyM/5A1/eKrijRueiiCOLuU44Z2RN4iCfsA8SVSTd+VV249lt1hyyo5e9ixwDSjBrGpcfEEbPcRgyD ACRwRJOIQHQU8LLhwkxHUwIS4lFOg4xz0K5M1IxUnhETuk74B2LcNGtFc5hXYzOiWkNyWnjT3yxKRLCavTbB3PdGbF/pZ7onOqu43p75tcI2Ilron9yzdV/tenapHo41jXEFBNiWZUdcxkyXRX1M3tL1VJypAQp3CP4ilhpp3TPtvaI3Ttqreejr9ppWLVnhl thnd1Sxqw+3Ocs6B+UHadsntxWKqcmFHnsYNd7NM8j1DBGaqo6Tk+4gnP1rklrFvr7lNq5YxnG9+W9fABBJ6Sgg==</latexit><latexit sha1_base64="As3RaVI8AarllxP3U8uMt24YNLc=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl040aoY B/Q1pJMpzU0TUJmItTq0h9wq/8l/oH+hXfGKahFdEKSM+eec2fuvX4SBkI6zmvOmptfWFzKLxdWVtfWN4qbW3URZynjNRaHcdr0PcHDIOI1GciQN5OUeyM/5A1/eKrijRueiiCOLuU44Z2RN4iCfsA8SVSTd+VV249lt1hyyo5e9ixwDSjBrGpcfEEbPcRgyD ACRwRJOIQHQU8LLhwkxHUwIS4lFOg4xz0K5M1IxUnhETuk74B2LcNGtFc5hXYzOiWkNyWnjT3yxKRLCavTbB3PdGbF/pZ7onOqu43p75tcI2Ilron9yzdV/tenapHo41jXEFBNiWZUdcxkyXRX1M3tL1VJypAQp3CP4ilhpp3TPtvaI3Ttqreejr9ppWLVnhl thnd1Sxqw+3Ocs6B+UHadsntxWKqcmFHnsYNd7NM8j1DBGaqo6Tk+4gnP1rklrFvr7lNq5YxnG9+W9fABBJ6Sgg==</latexit>
r
<latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit>
Hyperplane-based Translation
r
<latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW19Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIoQgLBM jo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit>
+
<latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit><latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit><latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit><latexit sha1_base64="z0J2maMCj/BkxQT4gKcirA6WyLU=">AAACxHicjVHbSsNAED2Nt3qv+uhLsAiCUBIR9LEoiI8t2 AvUIsl2W0O3SdhshFL0B3zVbxP/QP/C2XULahHdkOTsmTlnd2bCVESZ8rzXgjM3v7C4VFxeWV1b39gsbW03sySXjDdYIhLZDoOMiyjmDRUpwdup5MEoFLwVDs91vHXHZRYl8ZUap7w7CgZx1I9YoIiqH96Uyl7FM8udBb4FZdhVS0ovuEYPCRhyjMARQxEWCJ DR04EPDylxXUyIk4QiE+e4xwppc8rilBEQO6TvgHYdy8a0156ZUTM6RdArSelinzQJ5UnC+jTXxHPjrNnfvCfGU99tTP/Qeo2IVbgl9i/dNPO/Ol2LQh+npoaIakoNo6tj1iU3XdE3d79UpcghJU7jHsUlYWaU0z67RpOZ2nVvAxN/M5ma1Xtmc3O861vSgP2 f45wFzaOK71X8+nG5emZHXcQu9nBA8zxBFZeooWG8H/GEZ+fCEU7m5J+pTsFqdvBtOQ8ftC2PMA==</latexit>
⇡<latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit><latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit><latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit><latexit sha1_base64="7JGqh+bFqP0ijbqEE/LgYu3Skfc=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAWiSZTuvQNBkmE7EUd/6AW/0w8Q/0L7wzpqAW0QlJzpx7zp2594YyEqn2vNeCMze/sLhUXC6trK6tb5Q3t5ppkinGGyyJEtUOg5RHIuYNLXTE21LxYBRGvBUOT028dctVKpL4Uo8l746CQSz6ggWaqNZVIKVK7q7LFa/q2eXOAj8HFeSrnpRfcIUeEjBkGI EjhiYcIUBKTwc+PEjiupgQpwgJG+e4R4m8Gak4KQJih/Qd0K6TszHtTc7UuhmdEtGryOlijzwJ6RRhc5pr45nNbNjfck9sTnO3Mf3DPNeIWI0bYv/yTZX/9ZlaNPo4tjUIqklaxlTH8iyZ7Yq5ufulKk0ZJHEG9yiuCDPrnPbZtZ7U1m56G9j4m1Ua1uxZrs3 wbm5JA/Z/jnMWNA+qvlf1Lw4rtZN81EXsYBf7NM8j1HCGOhq2ykc84dk5d5QzdiafUqeQe7bxbTkPH0HTkjc=</latexit>
u?
<latexit sha1_base64="umjZSEcwPVtj3vj8T5rgZQ6nDgk=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipY B/QVkmm0zqaZmIyEWtx5Q+41R8T/0D/wjtjCmoRnZDkzLn3nJl7rx8FIlGO85qzpqZnZufy84WFxaXlleLqWj2Racx4jclAxk3fS3ggQl5TQgW8GcXcG/gBb/hXhzreuOFxImR4qoYR7wy8fih6gnmKqHp61valOi+WnLJjlj0J3AyUkK2qLL6gjS4kGFIMwB FCEQ7gIaGnBRcOIuI6GBEXExImznGPAmlTyuKU4RF7Rd8+7VoZG9JeeyZGzeiUgN6YlDa2SCMpLyasT7NNPDXOmv3Ne2Q89d2G9PczrwGxChfE/qUbZ/5Xp2tR6GHf1CCopsgwujqWuaSmK/rm9peqFDlExGncpXhMmBnluM+20SSmdt1bz8TfTKZm9Z5luSn e9S1pwO7PcU6C+k7ZdcruyW6pcpCNOo8NbGKb5rmHCo5QRY28L/GIJzxbx9a1dWvdfaZauUyzjm/LevgA5MORqw==</latexit><latexit sha1_base64="umjZSEcwPVtj3vj8T5rgZQ6nDgk=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipY B/QVkmm0zqaZmIyEWtx5Q+41R8T/0D/wjtjCmoRnZDkzLn3nJl7rx8FIlGO85qzpqZnZufy84WFxaXlleLqWj2Racx4jclAxk3fS3ggQl5TQgW8GcXcG/gBb/hXhzreuOFxImR4qoYR7wy8fih6gnmKqHp61valOi+WnLJjlj0J3AyUkK2qLL6gjS4kGFIMwB FCEQ7gIaGnBRcOIuI6GBEXExImznGPAmlTyuKU4RF7Rd8+7VoZG9JeeyZGzeiUgN6YlDa2SCMpLyasT7NNPDXOmv3Ne2Q89d2G9PczrwGxChfE/qUbZ/5Xp2tR6GHf1CCopsgwujqWuaSmK/rm9peqFDlExGncpXhMmBnluM+20SSmdt1bz8TfTKZm9Z5luSn e9S1pwO7PcU6C+k7ZdcruyW6pcpCNOo8NbGKb5rmHCo5QRY28L/GIJzxbx9a1dWvdfaZauUyzjm/LevgA5MORqw==</latexit><latexit sha1_base64="umjZSEcwPVtj3vj8T5rgZQ6nDgk=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipY B/QVkmm0zqaZmIyEWtx5Q+41R8T/0D/wjtjCmoRnZDkzLn3nJl7rx8FIlGO85qzpqZnZufy84WFxaXlleLqWj2Racx4jclAxk3fS3ggQl5TQgW8GcXcG/gBb/hXhzreuOFxImR4qoYR7wy8fih6gnmKqHp61valOi+WnLJjlj0J3AyUkK2qLL6gjS4kGFIMwB FCEQ7gIaGnBRcOIuI6GBEXExImznGPAmlTyuKU4RF7Rd8+7VoZG9JeeyZGzeiUgN6YlDa2SCMpLyasT7NNPDXOmv3Ne2Q89d2G9PczrwGxChfE/qUbZ/5Xp2tR6GHf1CCopsgwujqWuaSmK/rm9peqFDlExGncpXhMmBnluM+20SSmdt1bz8TfTKZm9Z5luSn e9S1pwO7PcU6C+k7ZdcruyW6pcpCNOo8NbGKb5rmHCo5QRY28L/GIJzxbx9a1dWvdfaZauUyzjm/LevgA5MORqw==</latexit><latexit sha1_base64="umjZSEcwPVtj3vj8T5rgZQ6nDgk=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipY B/QVkmm0zqaZmIyEWtx5Q+41R8T/0D/wjtjCmoRnZDkzLn3nJl7rx8FIlGO85qzpqZnZufy84WFxaXlleLqWj2Racx4jclAxk3fS3ggQl5TQgW8GcXcG/gBb/hXhzreuOFxImR4qoYR7wy8fih6gnmKqHp61valOi+WnLJjlj0J3AyUkK2qLL6gjS4kGFIMwB FCEQ7gIaGnBRcOIuI6GBEXExImznGPAmlTyuKU4RF7Rd8+7VoZG9JeeyZGzeiUgN6YlDa2SCMpLyasT7NNPDXOmv3Ne2Q89d2G9PczrwGxChfE/qUbZ/5Xp2tR6GHf1CCopsgwujqWuaSmK/rm9peqFDlExGncpXhMmBnluM+20SSmdt1bz8TfTKZm9Z5luSn e9S1pwO7PcU6C+k7ZdcruyW6pcpCNOo8NbGKb5rmHCo5QRY28L/GIJzxbx9a1dWvdfaZauUyzjm/LevgA5MORqw==</latexit> iˆ?
<latexit sha1_base64="Y3oSEKBvQQpOzqTJYDVtaP0KTCI=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047IF+ 4CmSpJO26FpEiYTpZSKW3/Arf6V+Af6F94ZU1CL6IQkZ86958zce7044Im0rNecsbC4tLySXy2srW9sbhW3dxpJlAqf1f0oiETLcxMW8JDVJZcBa8WCuSMvYE1veK7izRsmEh6Fl3Ics87I7Ye8x31XEuU4A1dO+PTK8SJ5XSxZZUsvcx7YGSghW9Wo+AIHXU TwkWIEhhCScAAXCT1t2LAQE9fBhDhBiOs4wxQF0qaUxSjDJXZI3z7t2hkb0l55Jlrt0ykBvYKUJg5IE1GeIKxOM3U81c6K/c17oj3V3cb09zKvEbESA2L/0s0y/6tTtUj0cKpr4FRTrBlVnZ+5pLor6ubml6okOcTEKdyluCDsa+Wsz6bWJLp21VtXx990pmL V3s9yU7yrW9KA7Z/jnAeNo7Jtle3acalylo06jz3s45DmeYIKLlBFnbxjPOIJz0bNuDXujPvPVCOXaXbxbRkPH9julGw=</latexit><latexit sha1_base64="Y3oSEKBvQQpOzqTJYDVtaP0KTCI=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047IF+ 4CmSpJO26FpEiYTpZSKW3/Arf6V+Af6F94ZU1CL6IQkZ86958zce7044Im0rNecsbC4tLySXy2srW9sbhW3dxpJlAqf1f0oiETLcxMW8JDVJZcBa8WCuSMvYE1veK7izRsmEh6Fl3Ics87I7Ye8x31XEuU4A1dO+PTK8SJ5XSxZZUsvcx7YGSghW9Wo+AIHXU TwkWIEhhCScAAXCT1t2LAQE9fBhDhBiOs4wxQF0qaUxSjDJXZI3z7t2hkb0l55Jlrt0ykBvYKUJg5IE1GeIKxOM3U81c6K/c17oj3V3cb09zKvEbESA2L/0s0y/6tTtUj0cKpr4FRTrBlVnZ+5pLor6ubml6okOcTEKdyluCDsa+Wsz6bWJLp21VtXx990pmL V3s9yU7yrW9KA7Z/jnAeNo7Jtle3acalylo06jz3s45DmeYIKLlBFnbxjPOIJz0bNuDXujPvPVCOXaXbxbRkPH9julGw=</latexit><latexit sha1_base64="Y3oSEKBvQQpOzqTJYDVtaP0KTCI=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047IF+ 4CmSpJO26FpEiYTpZSKW3/Arf6V+Af6F94ZU1CL6IQkZ86958zce7044Im0rNecsbC4tLySXy2srW9sbhW3dxpJlAqf1f0oiETLcxMW8JDVJZcBa8WCuSMvYE1veK7izRsmEh6Fl3Ics87I7Ye8x31XEuU4A1dO+PTK8SJ5XSxZZUsvcx7YGSghW9Wo+AIHXU TwkWIEhhCScAAXCT1t2LAQE9fBhDhBiOs4wxQF0qaUxSjDJXZI3z7t2hkb0l55Jlrt0ykBvYKUJg5IE1GeIKxOM3U81c6K/c17oj3V3cb09zKvEbESA2L/0s0y/6tTtUj0cKpr4FRTrBlVnZ+5pLor6ubml6okOcTEKdyluCDsa+Wsz6bWJLp21VtXx990pmL V3s9yU7yrW9KA7Z/jnAeNo7Jtle3acalylo06jz3s45DmeYIKLlBFnbxjPOIJz0bNuDXujPvPVCOXaXbxbRkPH9julGw=</latexit><latexit sha1_base64="Y3oSEKBvQQpOzqTJYDVtaP0KTCI=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047IF+ 4CmSpJO26FpEiYTpZSKW3/Arf6V+Af6F94ZU1CL6IQkZ86958zce7044Im0rNecsbC4tLySXy2srW9sbhW3dxpJlAqf1f0oiETLcxMW8JDVJZcBa8WCuSMvYE1veK7izRsmEh6Fl3Ics87I7Ye8x31XEuU4A1dO+PTK8SJ5XSxZZUsvcx7YGSghW9Wo+AIHXU TwkWIEhhCScAAXCT1t2LAQE9fBhDhBiOs4wxQF0qaUxSjDJXZI3z7t2hkb0l55Jlrt0ykBvYKUJg5IE1GeIKxOM3U81c6K/c17oj3V3cb09zKvEbESA2L/0s0y/6tTtUj0cKpr4FRTrBlVnZ+5pLor6ubml6okOcTEKdyluCDsa+Wsz6bWJLp21VtXx990pmL V3s9yU7yrW9KA7Z/jnAeNo7Jtle3acalylo06jz3s45DmeYIKLlBFnbxjPOIJz0bNuDXujPvPVCOXaXbxbRkPH9julGw=</latexit>
pˆ
<latexit sha1_base64="1KhFbucgGqyYfFkIMRK6wtaFILE=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAtsgknbZD0yRMJkIJ3fkDbvXDxD/Qv/DOmIJaRCckOXPuOXfm3uvFgUiU47wWrKXlldW14nppY3Nre6e8u9dMolT6vOFHQSTbHkt4IELeUEIFvB1LziZewFve+FLHW/dcJiIKb9U05r0JG4ZiIHymiGp1R0xl8eyuXHGqjln2InBzUEG+6lH5BV30EcFHig k4QijCARgSejpw4SAmroeMOElImDjHDCXypqTipGDEjuk7pF0nZ0Pa65yJcft0SkCvJKeNI/JEpJOE9Wm2iacms2Z/y52ZnPpuU/p7ea4JsQojYv/yzZX/9elaFAY4NzUIqik2jK7Oz7Okpiv65vaXqhRliInTuE9xSdg3znmfbeNJTO26t8zE34xSs3rv59o U7/qWNGD35zgXQfOk6jpV9+a0UrvIR13EAQ5xTPM8Qw1XqKNhqnzEE56ta0taUyv7lFqF3LOPb8t6+ABb+ZJC</latexit><latexit sha1_base64="1KhFbucgGqyYfFkIMRK6wtaFILE=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAtsgknbZD0yRMJkIJ3fkDbvXDxD/Qv/DOmIJaRCckOXPuOXfm3uvFgUiU47wWrKXlldW14nppY3Nre6e8u9dMolT6vOFHQSTbHkt4IELeUEIFvB1LziZewFve+FLHW/dcJiIKb9U05r0JG4ZiIHymiGp1R0xl8eyuXHGqjln2InBzUEG+6lH5BV30EcFHig k4QijCARgSejpw4SAmroeMOElImDjHDCXypqTipGDEjuk7pF0nZ0Pa65yJcft0SkCvJKeNI/JEpJOE9Wm2iacms2Z/y52ZnPpuU/p7ea4JsQojYv/yzZX/9elaFAY4NzUIqik2jK7Oz7Okpiv65vaXqhRliInTuE9xSdg3znmfbeNJTO26t8zE34xSs3rv59o U7/qWNGD35zgXQfOk6jpV9+a0UrvIR13EAQ5xTPM8Qw1XqKNhqnzEE56ta0taUyv7lFqF3LOPb8t6+ABb+ZJC</latexit><latexit sha1_base64="1KhFbucgGqyYfFkIMRK6wtaFILE=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAtsgknbZD0yRMJkIJ3fkDbvXDxD/Qv/DOmIJaRCckOXPuOXfm3uvFgUiU47wWrKXlldW14nppY3Nre6e8u9dMolT6vOFHQSTbHkt4IELeUEIFvB1LziZewFve+FLHW/dcJiIKb9U05r0JG4ZiIHymiGp1R0xl8eyuXHGqjln2InBzUEG+6lH5BV30EcFHig k4QijCARgSejpw4SAmroeMOElImDjHDCXypqTipGDEjuk7pF0nZ0Pa65yJcft0SkCvJKeNI/JEpJOE9Wm2iacms2Z/y52ZnPpuU/p7ea4JsQojYv/yzZX/9elaFAY4NzUIqik2jK7Oz7Okpiv65vaXqhRliInTuE9xSdg3znmfbeNJTO26t8zE34xSs3rv59o U7/qWNGD35zgXQfOk6jpV9+a0UrvIR13EAQ5xTPM8Qw1XqKNhqnzEE56ta0taUyv7lFqF3LOPb8t6+ABb+ZJC</latexit><latexit sha1_base64="1KhFbucgGqyYfFkIMRK6wtaFILE=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl048JFB fuAtsgknbZD0yRMJkIJ3fkDbvXDxD/Qv/DOmIJaRCckOXPuOXfm3uvFgUiU47wWrKXlldW14nppY3Nre6e8u9dMolT6vOFHQSTbHkt4IELeUEIFvB1LziZewFve+FLHW/dcJiIKb9U05r0JG4ZiIHymiGp1R0xl8eyuXHGqjln2InBzUEG+6lH5BV30EcFHig k4QijCARgSejpw4SAmroeMOElImDjHDCXypqTipGDEjuk7pF0nZ0Pa65yJcft0SkCvJKeNI/JEpJOE9Wm2iacms2Z/y52ZnPpuU/p7ea4JsQojYv/yzZX/9elaFAY4NzUIqik2jK7Oz7Okpiv65vaXqhRliInTuE9xSdg3znmfbeNJTO26t8zE34xSs3rv59o U7/qWNGD35zgXQfOk6jpV9+a0UrvIR13EAQ5xTPM8Qw1XqKNhqnzEE56ta0taUyv7lFqF3LOPb8t6+ABb+ZJC</latexit>
Hyperplane-based Translation
p
<latexit sha1_base64="CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEjIToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJnjMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYxH/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDEUIQFAk h6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oOade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq3gYm/mUzN6n1kc3O861vSgP2 f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/i2nIcPWByPdQ==</latexit><latexit sha1_base64="CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEjIToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJnjMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYxH/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDEUIQFAk h6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oOade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq3gYm/mUzN6n1kc3O861vSgP2 f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/i2nIcPWByPdQ==</latexit><latexit sha1_base64="CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEjIToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJnjMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYxH/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDEUIQFAk h6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oOade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq3gYm/mUzN6n1kc3O861vSgP2 f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/i2nIcPWByPdQ==</latexit><latexit sha1_base64="CaCh3hg+43gqdDZCZsho8Yk25+M=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEjIToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJL5XmvBWdhcWl5pbhaWlvf2Nwqb++0ZJJnEWtGiUiyThhIJnjMmoorwTppxoJxKFg7HJ3rePuOZZIn8ZWapKw3DoYxH/AoUEQ10ptyxat6ZrnzwLegArvqSfkF1+gjQYQcYzDEUIQFAk h6uvDhISWuhylxGSFu4gz3KJE2pyxGGQGxI/oOade1bEx77SmNOqJTBL0ZKV0ckCahvIywPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T/GMcGSUsz67RiNN7bq3gYm/mUzN6n1kc3O861vSgP2 f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GEZ+fCEY508s9Up2A1u/i2nIcPWByPdQ==</latexit>
i
<latexit sha1_base64="arFPHreXCSnhQ+sVJQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54FtQgV31pPyCa/SRIEKOMRhiKMICAT J6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99syMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</latexit><latexit sha1_base64="arFPHreXCSnhQ+sVJQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54FtQgV31pPyCa/SRIEKOMRhiKMICAT J6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99syMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</latexit><latexit sha1_base64="arFPHreXCSnhQ+sVJQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54FtQgV31pPyCa/SRIEKOMRhiKMICAT J6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99syMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</latexit><latexit sha1_base64="arFPHreXCSnhQ+sVJQoGmRR1ZMs=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9 gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYwn8ZWapKw3DoYxH/AoUEQ1+E254lU9s9x54FtQgV31pPyCa/SRIEKOMRhiKMICAT J6uvDhISWuhylxkhA3cYZ7lEibUxajjIDYEX2HtOtaNqa99syMOqJTBL2SlC4OSJNQniSsT3NNPDfOmv3Ne2o89d0m9A+t15hYhVti/9LNMv+r07UoDHBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/ nOOdB66jqe1W/cVypndlRF7GHfRzSPE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHR3yPbg==</latexit>
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Figure 3: Framwork of KTUP. At the top is TUP for item recommendation including two components: preference induction
and hyperplane-based translation. KTUP jointly learns TUP and TransH to enhance the item and preference modeling by
transfering knowledge of entities as well as relations.
has a preference and so does the relations between two entities,
KTUP optimizes all users, items and entities more thoroughly.
5.2 Training
We train KTUP using the overall objective function as follows:
L = λLp + (1 − λ)Lk (21)
where λ is a hyperparameter to balance the two tasks.
5.3 Relationship to SOTA Models
In this section, we give a discussion on the relationship between
KTUP and the other state-of-the-art KG-based recommendation
methods to facilite a deep understanding between two tasks in Sec-
tion 6. We choose three typical models that transfer knowledge of
entities at data level (CFKG [46]), at embedding level (CKE [44]) and
in both directions (CoFM [31]). We summerize the main differences
and similarities from the following aspects:
Implicity of User Preference CKE and CoFM can be regarded as
extentions of collaborative filtering. This type of methods consider
the preferences from users to items implicitly and rely on their
embeddings to compute a score (i.e., dot product) indicating in
which degree the user likes the item. CFKG and KTUP model the
preferences explictly and learn the vectoral representations instead
of scalars to capture more comprehensive semantics.
Variety of User Preference CFKG defines the only buy prefer-
ence between users and items, which obviously suffers from the
serious N-to-N issue and fails to deal with it through the TransE-like
scoring function. TKUP distinguishes different user perferences and
introduces hyperplanes for each preference as well as each relation
to learn the various representations of items and entities.
Transfered Knowledge from KG CKE and CoFM only focus on
transfering knowledge of entities. CFKG also transfers relations
in the way of data integration through a unifed graph. Except for
entities and items, KTUP combines the embeddings of relations
and preferences according to the predefined one-to-one mapping,
which brings another byproduct of the explainable ability to rec-
ommendation mechanism.
6 EXPERIMENTS
In this section, we conduct quantitative experiments on separate
tasks of item recommendation and KG completion. For each task, we
use two datasets in different domains and give further evaluations
on the influence of data sparsity as well as the N-to-N issue.We then
investigate the mutual impacts between the two tasks during joint
training. Finally, we highlight real examples for qualitative analysis
to give an intuitive impression of explainability. We publish our
project at https://github.com/TaoMiner/joint-kg-recommender.
6.1 Datasets
Following CoFM [31], we use two publicly available datasets in the
movie and book domains: MovieLens-1m [28] and DBbook2014 2.
Both datasets consist of users and their ratings on movies or books,
which are then refined for LODRecSys [15, 28, 29] bymapping items
into DBPedia entities if there is a mapping available. Followingmost
item recommendation work that models implicit feedback [40], we
treat existing ratings as positive interactions, and generate negative
ones by randomly corrupting items.
To collect the related facts from DBPedia, we only consider those
triplets that are directly related to the entities withmapped items, no
matter which role (i.e. subject or object) the entity serves as.We then
preprocess the two datasets by: filtering out low frequency users and
items (i.e., lower than 10 in MovieLens and 5 in DBbook), filtering
out infrequent entities (i.e., lower than 10 in both datasets), cutting
off unrelated relations and merging similar relations manually.
Table 1 shows the statistics of MovieLens-1m and DBbook2014
datasets3. After preprocessing, there are 6,040 users and 3,230 items
with 998,539 ratings in Movielens-1m, the average number of rat-
ings per user is 165 and the sparisity rate is 94.9%. The data sparisity
2http://2014.eswc-conferences.org/important-dates/call-RecSys.html
3Because we cannot find the released triplets for the two datasets, we collect them as
our KG as mentioned above, which leads to a little difference with those papers using
the same datasets (e.g., CoFM [31]).
Table 1: Statistics of MovieLens-1m and DBbook2014
MovieLens-1m DBbook2014
User-Item
Interactions
# Users 6,040 5,576
# Items 3,240 2,680
# Ratings 998,539 65,961
# Avg. ratings 165 12
Sparsity 94.9% 99.6%
KG
# Entity 14,708 13,882
# Relation 20 13
# Triple 434,189 334,511
Multi-Tasks
# Item-Entity
Alignments 2,934 2,534
Coverage 90.6% 94.6%
issue is more severe in DBbook2014. It consists of 5,576 users and
2,680 itemswith 65,961 ratings, where the average number of ratings
per user is 12 and the sparisity rate reaches up to 99.6%. The triplets
used in the two datasets are at the same scale, where the subgraph
for MovieLens-1m composes of 434,189 triplets with 14,708 entities
and 20 relations, while the subgraph of DBbook has 334,511 triplets
with 13,882 entities and 13 relations. Note that the alignments be-
tween items and entities for transfering are fewer in MovieLens-1m
than that in DBbook2014.
6.2 Baselines
For item recommendation, we compare our proposed models with
the following state-of-the-art baselines involving typical similarity-
based methods and KG-based methods.
• Typical similarity-based methods: we choose the widely used
collaborative filtering models, FM [33] and BPRMF [34], be-
cause they are the foundations of other baselines and also
achieve the state-of-the-art performance on many bench-
mark datasets.
• CFKG [46] that integrates the data of two sources and ap-
plies TransE on a unifed graph including users, items, entities
and relations;
• CKE [44] that combines various item embeddings from dif-
ferent sources including TransR on KG;
• CoFM [31] that jointly trains FM and TransE by sharing
parameters or regularization of aligned items and entities.
We mark the two schemes as CoFM (share) and CoFM (reg),
respectively.
For KG completion, we choose the typical methods TransE [2],
TransH [42] and TransR [23] that are widely used in this field.
Also, we evaluate the above KG-based methods even if they have
not been done so in the original papers to investigate the impacts
of different transfer schemes.
For fair comparison, we carefully reimplement them in our re-
leased codes because they did not report the results on the same
datasets and we cannot find their released codes. Note that we
remove the components of side information modeling like reviews
and visual information, since they are not available in the datasets
and are out of the scope of this paper.
6.3 Training Details
We construct training set, validation set and test set by randomly
spliting the dataset with the ratio of 7 : 1 : 2. For item recommen-
dation, we split the items for each user and ensure at least one item
exist in the test set.
For hyperparameters, we apply a grid search on BPRMF and
TransE to find the best settings for each task, and use them for all
of the other models since they share the basic learning ideas4. The
learning rate is searched in {0.0005, 0.005, 0.001, 0.05, 0.01}, the co-
efficient of L2 regularization is in {10−5, 10−4, 10−3, 10−2, 10−1, 0},
and the optimization methods include Adaptive Moment Estima-
tion (Adam), Adagrad and SGD. Finally, we set the learning rate
as 0.005 and 0.001 for item recommendation and KG completion,
respectively, L2 coefficient is set to 10−5 and 0, and the optimization
methods is set to Adagrad and Adam. Particularly, for the models
involving two tasks, we have tried both sets of parameters, and pick
up the latter set of parameters due to its superior performance.
Other hypermeters are empirically set as follows: the batch size
is 256, the embedding size is 100 and we perform early stopping
strategy on the validation sets.
We predefine the number of preferences in TUP as 20 and 13
for MovieLens-1m and DBbook2014, respectively, which are set
according to the relations of the collected triplets. For the models
involving two tasks (i.e., CFKG, CKE, CoFM and KTUP), we set
the joint hyperparameter λ as 0.5 and 0.7 on the two datasets after
searching in {0.7, 0.5, 0.3}, so as to balance their impacts, and use
the pretrained embeddings of the basic model (i.e., BPRMF and
TransE).
The main goal in this paper is to investigate the mutual impacts
on each task during jointly training, rather than achieving best
performance by tuning parameters. Thus, our proposed models
as well as baseline methods are trained once for each dataset and
evaluate for both tasks of item recommendation and KG completion.
6.4 Item Recommendation
In this section, we evaluate our models as well as the baseline
methods on the task of item recommendation. Given a user, we
take all items in test sets as candidates and rank them according to
the scores computed based on the embeddings of users and items.
Thus, the N items ranked at top are the recommended items.
6.4.1 Metrics. Weuse five evaluationmetrics that have beenwidely
used in previous work:
• Precision@N: It is the fraction of the items recommended
that are relevant to the user. We compute the mean of all
users as the final precision.
• Recall@N: It is the proportion of items relevant to the user
that have been successfully recommended. We compute the
mean of all users as the final recall.
• F1 score@N: It is the harmonic mean of precision at rank N
and recall at rank N.
• Hit ratio@N: It is 1 if any gold items are recommendedwithin
the top N items, otherwise 0. We compute the mean of all
users as the final hit ratio score.
4We have tested other parameters for baselines and find performance drop.
Table 2: Overall performance on Item Recommendation
MovieLens-1m (@10, %) DBbook2014 (@10, %)
Precision Recall F1 Hit NDCG Precision Recall F1 Hit NDCG
FM 29.28 11.92 13.81 81.06 59.48 3.44 21.55 5.75 30.15 20.10
BPRMF 30.81 12.95 14.84 83.18 61.02 3.56 22.46 5.96 31.26 21.01
CFKG 29.45 12.49 14.23 82.24 58.97 3.17 19.69 5.30 28.09 19.87
CKE 38.67 16.65 18.94 88.36 67.05 3.92 23.41 6.51 33.18 27.78
CoFM (share) 32.08 13.02 15.12 83.30 58.69 3.41 20.78 5.67 29.84 20.92
CoFM (reg) 31.74 12.74 14.87 82.67 58.66 3.32 20.54 5.54 28.96 20.53
TUP (hard) 37.29 17.07 18.98 89.60 67.40 3.40 21.11 5.67 29.56 20.19
TUP (soft) 37.00 16.79 18.76 89.47 67.02 3.62 22.81 6.06 31.42 21.54
KTUP (hard) 40.87 17.24 19.79 88.97 69.65 4.04 24.48 6.71 34.49 27.38
KTUP (soft) 41.03 17.25 19.82 89.03 69.92 4.05 24.51 6.73 34.61 27.62
• nDCG@N: Normalized Discounted Cumulative Gain (nDCG)
is a standard measure of ranking quality, considering the
graded relevance among positive and negative items within
the top N of the ranking list.
6.4.2 Overall Results. Table 2 shows the overall performance of our
proposed models as well as the baseline methods, where hard and
soft denote the two preference induction strategies in Section 4.1.
We can observe that:
• Our proposed methods perform the best compared with
the baseline methods on the two datasets. Particularly, TUP
performs competitively to other KG-based models, while it
doesn’t require any additional information. This is because
TUP automatically infers the knowledge of preferences from
the user-item interactions, and performs much better espe-
cially when the amount of interaction data is sufficient, like
MovieLens-1m. By incorporating KG, KTUP further presents
more promising improvements on DBbook than MovieLens
(i.e., 11.06% v.s. 4.43% gains in F1), which implies that the
knowledge is more helpful for sparse data.
• The hard strategy performs better than the soft strategy only
when it is used for TUP onMovieLens-1m, which implies that
to induce a deterministic user perference requires sufficient
data, and the soft strategy is more robust.
• CFKG and CoFM perform slightly better than the typical
models (i.e., FM and BPRMF) on MovieLens-1m, but perform
worse on the sparse dataset of DBbook2014. One possible
reason is that they both transfer entities by forcing their
embeddings to be similar with the aligned items, leading
to the loss of knowledge that has been perserved in the
embeddings, and the loss becomes more serious when there
is insufficient training data.
• CKE achieves pretty good performance on the two datasets
mainly because it combines the embeddings of items and
entities that perserve the information from both sources,
instead of aligning them with similar positions in the latent
space.
• All models preform much better on MovieLens-1m than on
DBbook2014 due to the relatively sufficient training data
and an easier test (a higher value even using random initial-
izations). Interestingly, the improvement by utilizing KG is
larger on dense dataset of MovieLens than that on the sparse
dataset of DBbook. This goes against our intuitions that the
more sparse the dataset is, the more potentials it shall have
in absorbing richer knowledge. Thus, we further split the
test set according to different sparisity levels of training data,
and investigate the impacts from KG on each subset in the
next section.
Figure 4: Influence of Different Sparsity on MovieLens-1m.
The x-axis shows 10 user groups splited according to interac-
tion number, the left y-axis corresponds to the bars indicat-
ing the number of interactions in each user group, and the
right y-axis denotes F1-score of curves.
6.4.3 Influence of Training Data Sparsity. To investigate the influ-
ence of data sparsity on knowledge transfer, we split the test set of
MovieLens-1m into 10 subsets according to the rating number of
each user for training; meanwhile we also try to balance the number
of users as well as ratings in each subset. The detailed results of
F1 score are shown in Figure 4. Green bars represent the average
rating number per user ranging from 17 to 5635. We denote the
models without KG knowledge as dashed lines, and other models
as solid lines.
5Note that the sparisity of DBBook2014 can be concluded into the 0th user group in
MovieLens-1m, in which we observe similar results.
Table 3: Performance on MovieLens by Relation Category
Task Prediction Head (Hits@10, %) Prediction Tail (Hits@10, %)
Relation Category 1-to-1 1-to-N N-to-1 N-to-N 1-to-1 1-to-N N-to-1 N-to-N
TransE 59.62 56.76 64.55 24.56 65.38 62.16 78.52 46.25
TransH 61.54 48.65 65.73 25.51 57.69 78.38 75.62 46.73
TransR 17.31 29.73 32.88 18.50 17.31 43.24 53.12 38.88
CFKG 59.62 51.35 63.31 20.30 57.69 70.27 78.56 41.22
CKE 19.23 21.62 24.16 14.81 7.69 24.32 37.83 34.82
CoFM (share) 65.38 59.46 66.13 24.42 61.54 72.97 81.05 45.99
CoFM (reg) 69.23 70.27 66.09 24.30 48.08 86.49 80.72 45.79
KTUP (hard) 67.31 59.46 66.42 25.67 57.69 81.08 79.22 47.24
KTUP (soft) 75.00 56.76 67.16 26.09 63.46 81.08 78.34 47.65
We can see that (1) KG-based methods (i.e., CKE and KTUP)
outperform the other models the most when the average number
of ratings per user ranges from 100 to 200. (2) The gap between the
two types of models is getting closer as the amount of the training
data decreases, and the improvements become similar with that on
DBbook when their training data is at the similar sparisity level. (3)
Meanwhile, the gap almost disappears when the average ratings
are 563 (the left most bar), which implies that the impacts of KG
become negligible if there if sufficient training data. Note that the
performance of all models are getting worse when the average
ratings are larger than 89. The possible reason is the user likes so
many items that the preferences are too general to capture. (4) TUP
outperforms KTUP when user preferences are relative simple to
model (i.e., #rating<50), showing the effectiveness and necessity to
fully utilize user-item interactions for preference modeling.
Table 4: Overall performance on KG Completion
MovieLens-1m DBbook2014
Hit@10
(%)
Mean
Rank
Hit@10
(%)
Mean
Rank
TransE 46.95 537 60.71 531
TransH 47.63 537 60.06 556
TransR 38.93 609 56.33 563
CFKG 41.56 523 58.83 547
CKE 34.37 585 54.66 593
CoFM (share) 46.62 515 57.01 529
CoFM (reg) 46.51 506 60.81 521
KTUP (hard) 48.39 525 60.53 501
KTUP (soft) 48.90 527 60.75 499
6.5 Knowledge Graph Completion
In this section, we evaluate on the task of KG completion. It is to
predict the missing entity eh or et for a given triplet (eh , et , r ). For
each missing entity, we take all entities as candidates and rank
them according to the scores computed based on entity and relation
embeddings.
6.5.1 Metrics. Weuse two evaluationmetrics that have beenwidely
used in previous work [42]:
• Hit ratio@N: It is 1 if the miss entity are ranked within the
top N candidates, otherwise 0. We compute the mean of all
triplets as the final hit ratio score.
• Mean Rank : It is the averaged rank of the missing entities,
the smaller the better.
6.5.2 Overall Results. Table 4 shows the overall performance. We
can see that KTUP almost outperforms all the other models on both
datasets except the mean rank value on MovieLens-1m. We argure
this metric is less important since it is easily reduced by an obstinate
triple with a low rank [41]. Compared with TransH, it achieves a
larger improvement on Hit Ratio for MovieLens-1m as compared
to that for DBbook2014 (2.67% v.s. 1.15%), because Movielens-1m
contains more connectivities between users and items that are
helpful for modeling structural knowledge between entities. We
also observe that CFKG, CKE and CoFM show a performance drop
as compared to their basic KG components: TransE and TransR.
One reason may be that these methods force the embeddings of
aligned entities to satisfy the other task of item recommendation,
while the aligned entities are only a small portion (i.e. 19.95% and
18.25% on the two datasets), which actually degrades the learning
for KG completion. Another reason is that the N-to-N issues of user
preferences have negative impacts on the representation learning of
entities and relations, especially for the buy relation in CFKG. CKE
takes this issue into account but TransR contains a lot of trainable
parameters and does not work well on such a small training set.
6.5.3 Capability to Handle N-to-N Relations. Table 3 shows the
separate evaluation results on each relation category. Following [2],
we divide relations into four types: 1-to-1, 1-to-N, N-to-1 andN-to-N.
We can see that (1) TransR and its related models (i.e., CKE) perform
the worst which is consistent with the above overall performance.
(2) KTUP achieves the best performance on N-to-N issues, and
also performs competitively with TransE and CoFM on 1-to-1, 1-
to-N and N-to-1 problems, which indicates the capability of our
methods in hanling complex relations and improves both tasks.
(3) CFKG presents a lower value on N-to-N relations than TransE,
which implies that the unifed graph may have introduced more
confusing relational semantics. (4) CoFM performs competitively in
KG completion task while worse in item recommendation, becuase
their knowledge transfering schemes lead to unstable joint training.
That is, it is difficult to control the positive impacts of knowledge
transfer on which task, and different parameters for separately
training CoFM on each task is required, which is also concluded in
the original paper [31].
(a) KTUP (ρ = 0.97) (b) CoFM (ρ = 0.81) (c) CFKG (ρ = 0.97) (d) CKE (ρ = 0.94)
Figure 5: Correlation of Training Curves between Two Tasks on DBbook2014, which is denoted by the Pearson’s correlation
coefficient ρ. The x-axis is training epoch, the left y-axis corresponds to KG completion via hit ratio, and the right y-axis is
for item recommendation through F1. (Note that we scale the values of both F1 and Hit Ratio to the same magnitude.)
ID: 5530
Batman ForeverJoel SchumacherDying Young
Batman & Robin (film)
Flatliners
A Time to Kill (1996_film)
Say Anything …Singles (1992 film)
Cameron Crowe
Jerry Maguire
Rebel Without a Cause
East of Eden_(film)
James Dean
Gypsy (1962 film)
Natalie Woodstarring
starring
starring
starring
isDirectorOf
isDirectorOf
isDirectorOf
isDirectorOf
isDirectorOf
isDirectorOf
isDirectorOf
isDirectorOf
isDirectorOf
starring
Preference ModelingUser-item Interactions Recommendation
Knowledge Graph
Figure 6: Real Example from MovieLens-1m
6.6 Mutual Benefits of Two Tasks
Although the evalutions on separate tasks have been conducted,
it is still unclear how different transfer schemes take effect. We
thus investigate the correlations between the training curves of
two tasks. Intuitively, a strong correlation implies a more complete
transfer learning, and a better utilization of the complementary
information from each other. Because KG completion has no F1
measures, so we present its hit ratio corresponds to left y-axis, and
item recommendation through F1 is presented on right y-axis.
As shown in Figure 5, we can see that KTUP and CFKG present
the strongest correlations between their curves, that is, the increase
and decrease of one curve shall be reflected on the other curve
simultaneously. This implies that the transfer of relations plays an
important role in training the two tasks together. However, CFKG
does not perform well on both tasks (as shown in Table 2 and
Table 4) mainly because of 2 reasons. First, it cannot deal with
complex relations; second, it only increase the connectivity in the
unified graph through the integration of relations and preferences,
which are actually not transitional. Instead, KTUP combines the
embeddings of relations and preferences that perserve two types of
structural knowledge, and meanwhile introduces hyperplanes for
the N-to-N issue. The curves of CoFM and CKE are obviously not
correlated strongly due to the small portion of transfered entities.
Concretely, CoFM forces the embeddings of aligned entities and
items to be similar which may result in unstable training. CKE
focuses on unidirectional enhancements by combining their embed-
dings, and thus performs well in item recommendation but worse
in KG completion.
6.7 Case Study
In this section, we present an example of Movielens-1m to give
an intuitive impression of our explainability. On the left is a user
who has interacted with 7 movies. KTUP first induces user prefer-
ences to these movies, and finds that what the user is concerned is
the relations of isDirectorOf and starring (the preferences having
highest attention in Section 4.1). Thus, it searches the nearest items
according to Equation 16 based on the induced preferences. We
present the recommended four movies on the right side. In particu-
lar, Batman Forever and Batman & Robin (film) are recommended
because the user shows preference with their director Joel Schu-
macher. Similarly, the preference to director also helps to induce
the movie Say Anything ... directed by Cameron Crowe. Besides, the
user also has preferences on starring, such as James Dean in East
of Eden (film) and Natalie Wood in Gypsy (1962 film); together, the
system suggests another movie Rebel Without a Cause.
7 CONCLUSION
In this paper, we proposed a novel translation-based recommender
model, TUP, and extended it to integrate KG completion seam-
lessly, namely KTUP. TUP is capable of modeling various implicit
relations between users and items which reveal the preferences
of users on consuming items. KTUP further enhances the model
explainability via aligned relations and perferences, and improves
the preformances of both tasks via joint learning.
In future, we are interested in inducingmore complex user prefer-
ences over multi-hop entity relations and introducing KG reasoning
(e.g., rule mining) techniques for unseen user preferences to deal
with the cold start problem.
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